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TSWREIS

1. LOCUS

Definition : The set of all points which satisfies the given geometrical conditions
(properties) is called a locus.
From the definition of the Locus, it follows that

| Every point satisfying the given condition is a point of the locus.

Il Every point of the locus satisfies the given condition.

An equation of a locus is an algebraic description of the locus. This can be obtained in

the following way.

i. Consider a point P(x,y) on the locus.
i. Write the geometric condition(s) to be satisfies by P in terms of an equation or
inequation in symbols.
i.  Apply the proper formula of coordinate geometric and translate the geometric
condition in to algebraic equation.
iv. Simplify the equation so that it is free from radicals.
v. Verify that of Q(x,, y,) satisfies the equation, then Q satisfies the geometric condition.

The equation thus obtained is the required equation of locus.




TSWREIS
1. LOCUS

LEVEL- |

1. If the distance from P to the points (2, 3) and (2, -3) are in the ration 2 : 3 then find
the equation of Locus of P

Sol: Let P(x,, y,) be a point on the locus
Given A(2, 3) B(2, -3)
Given condition is PA:PB=2:3
= 3 PA =2PB = 9PA2 = 4PB2
= 9[(x1 — 2)* + (31 — 3)?] = 4[(x1 — 2)* + (31 + 3)?]
S9x2+4—4x,+y2+9 -6y, =4[x? +4—4x, + y2 +9 + 6y,]
= 9[x2 + yZ —4x, — 6y, + 13] = 4[x? + y? — 4x, + 6y, + 13]
= x2+y2—20x,— 78y, +65=0

The locus of P(xq, y1)is x2 + y? — 20x; — 78y, + 65 =10

2. A(5, 3) and B(3, -2) are two fixed points. Find the equation of P, so that area of
APAB is 9 SQ. units.

Sol: A(5, 3), B(3, -2) are the given points
Let P(x;, y,) be any point on the Locus

Given Condition is that the area of APAB =9

=>%|x1(yZ —y3) +x,(y3 —y1) +x3(y1 — ) =9
= 215(=2=y) +301 =3) + 1,3 +2)| = 9

= |10 — 5y; +3y; — 9+ 3x; + 2x,| = 18

= |5x; — 2y; — 19| =18

= 5x;, — 2y, —19= 18

= (5x; — 2y, — 19) = 18 or 5%, — 2y, — 19 = —18
= 5x, — 2y, —37=00r 5%, —2y; —1 =0
~Locusof Pis (5x —2y —37)(5x—2y—1)=0
= 25x2 — 20xy + 4y?> —190x + 76y + 37 = 0
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3. A(2,3) and B(-3, 4) are two given points. Find the equation of Locus of P, so that the

area of the friangle PAB is 8.5.

Sol: A(2, 3), B(-3., 4) are the given points
Let P(x;, y;) be any point on the Locus
Given Condition is that the area of APAB = 8.5
= 2l (2 = y3) + %2(ys = y1) + 231 —¥2)| =85
= % lx;(3—4) +2(4 —y;) + (=3)(y1 —3)| =85
= |—x;+8—-2y;, =3y, +9| =17
= |—-x; — 5y, + 17| =17
= —x; — 5y, +17 = +17
> (—x;, —5y; +17) =17 or —x; = 5y, + 17 = —17
=>x,—5y;,=00r—x; —5y; +34=0
~ Locus of Pis (—x — 5y)(—x =5y +34) =0
= x2+ 10xy + 25y2 — 34x — 170y = 0

4. Find the Locus of P, of the line segment joining (2, 3) and (-1, 5) subtends a right

angle at P.

Sol: Let P(x,, y,) be a point on the Locus.
Let A(2, 3) B(-1, 5) be the given two points
Given condition is ZAPB = 90°
= (Slope of AP) x (Slope of BP) = -1
= (32) () =1
>y2 -8y, +15=—-(x —x; — 2)
>xi+yl—x;—8y; +13=0

The Locus of P(xq, y;)isx?+y?—x—8y+13=0




TSWREIS
5. The ends of the hypotenuse of a right angled triangle are (0, 6) and (6, 0). Find the

Locus of its third vertex.
Sol: Let P(x,, y,) be a point on the Locus.
Let (0, 6) and (6, 0) be the given two points
Given condition is ZAPB = 90°
= (Slope of AP) x (Slope of BP) = -1
<)) =
= yf — 6y = —(x{ — 6xy)
>xi+yl—6x,—6y;, =0
The Locus of P(x;, y,)is x2 +y? —6x —6y =0

6. A(1,2)B(2, -3) C(-2, 3) are three points. A point P moves such that PAZ + PB2 = 2PC2,
Show that the equation to the Locus of P is 7x — 7y + 4 = 0.

Sol: Let P(x,, y,) be a point on the locus
Given three points are A(1, 2), B(2, -3), C(-2, 3)
Given geometric Condition is PA2 + PB2 = 2PC2,
= (0 = 1%+ (y1 = 2)* + (x; = 2)% + (y; +3)% = 2[(x; +2)* + (y1 — 3)%]
Sx2+1-2x;+yi+4—4y,+x2+4—4x,+y?+9+ 6y, =
2[x% + 4+ 4x, + y +9 — 6y,]
= 2x% + 2y% — 6x; + 2y, + 18 = 2x% + 2y% + 8x; — 12y, + 26
= 14x; — 14y, +8=0=>7x;—7y; +4 =0

~ The Locus of P(xy, y1) is7x—7y+4=0




LEVEL -1l

1. Find the equation of the Locus of P, if A= (2, 3), B =(2,-3) and PA+ PB = 8.

Sol: Given points are A(2, 3) and B(2, -3)
Let P(x,, y,) be the point on the Locus
Given Conditionis PA+ PB = 8 --------—-—-- (1)
PA2-PB2=[ (x; —2)* + (y; — 3)?] = [(xy = 2)* + (y1 + 3)?]
= =22+ (1 =32 - (e —2)2 = (yy +3)°
=yf+9—6y1 —yi —9—6y, = 12y,
= PA2-PB2= 12y,

= (PA + PB)(PA-PB) =12y,

=8 (PA—PB) =12y, = PA— PR =221 = 3 2)

8 2

Adding (1) & (2)

OPA =g — 31 _ 16737
2 2

= 4PA =16 — 3y,

= 16PA2 = (16 — 3y,)?

=16 [(x; — 2)* + (y; — 3)?] = 256 + 9y{ — 96y,

= 16[x? + 4 — 4x;, + y? + 9 — 6y,] = 256 + 9y? — 96y,
= 16x{ + 7yf —64x, —48 =0

= 16x} — 64x, + 7yf = 48

= 16x? — 64x; + 64 + 7y? = 48 + 64

= 16(xf — 4x, + 4) + 7yf = 112

= 16(x; — 2)% + 7y? = 112

= (x1-2)? + J’_12 _

7 16

1
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Sol: Let P(x,, y;) be the point on the Locus

Given points are A(4, 0) and B(-4, O)

Given geometric condition is |PA — PB| = 4
=>PA—PB=44=PA= 14+ PB

Squaring on both sides = (PA)? = (+4 + PB)?
= (PA)?> =16 + (PB)?> + 8PB

= (PA)? — (PB)? = 16 + 8PB

TSWREIS

2. Find the equation of Locus of P, if A= (4, 0), B = (-4, 0) and |PA — PB| = 4.

= [(x; =42+ (1 —0)%] = [(x; + 9)* + (y, — 0)*)] = 16 +8PB

=>x?—8x,+16+y? —x?—8x; —16 —y? =16 + 8PB

= —16x, = 8(2 + PB)

= —2x,=2 +PB

= —2x,—2= +PB

Squaring on both sides

= [-(2x, + 2)]? = (£PB)?

= 4x? + 8x, + 4 = (PB)?

= 4x2+8x; +4 = (x; +4)% + (y; — 0)?
= 4x7 +8x; +4=xf+8x; +16 +y}
= 4xi+4—xf-16—yf =0

= 3x{—yf—-12=0

2 _ 2 Xy

=~ The Locus of P(x,, y;) is 3x%? —y? =12 (or)

x2

4

2

12

Y —
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3. Find the equation of Locus of a point, the difference of whose distance from (-6, 0)

and (5, 0) is 8.

Sol: Let P(x,, y;) be the point on the Locus
Given points are A(-6, 0) and B(5, 0)
Given geometric condition is |PA — PB| = 8
= PA—-—PB=4+8=PA= +8+ PB
Squaring on both sides = (PA)? = (+8 + PB)?
= (PA)? = 64 + (PB)?> + 16PB
= (PA)? — (PB)? = 64 + 16PB
= [(x; +5)2+ (y; —0)2] — [(x; = 5)%+ (y;, — 0)?] = 64 + 16PB
= x?+10x; + 25+ y? — x? + 10x; — 25— y? = 64 + 16PB
= 20x;, = 4(16 + 4PB)
=5x, = 16 + 4PB
=5x, — 16 = +4PB
Squaring on both sides
= (5x, — 16)%2 = 16 (PB)?
= 25x% — 160x; + 256 = 16[(x; — 5)% + (y; — 0)?]
= 25x% — 160x; + 256 = 16(x{ — 10x; + 25 + y{)

= 4xf+8x; +4 =x%+8x; +16 + v

= 25x2 — 160x; + 256 — 16x? + 160x, — 400 — 16y? = 0
= 9x2 — 16y2 — 144 = 0

= 9x2 — 16y? = 144

) 2 _ 1v2 — ox® _16y° _
= The Locus of P(xy, y1) is 9x* —16y* = 144 = ————=-=1

2
X
> -2 =1

16 9
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4. Find the equation of the Locus of a point, the sum of whose distance from (0, 2)

and (0, -2) is 6.

Sol: Let P(x,, y;) be the point on the Locus
Given points are A(0,2) and B(O, -2)
Given geometric conditionis PA+ PB =6
= PA=6-PB
Squaring on both sides = (PA)? = (6 — PB)?
= (PA)? =36 + (PB)? — 12PB
= (PA)? — (PB)? =36 — 12PB
= [(x — 0)% + (y1 —2)*] = [(xy — 0)* + (y; +2)?] =36 — 12PB
=>xi+yf+4—4y, —x{ —yf — 4y, —4=36—12PB
= —8y, = 12(3 — PB)
=-—2y, =3(3 - PB)= -2y, =9 —3PB
= -2y, —9 = 3PB
Squaring on both sides
= 4y? + 36y, + 81 = 9[(x; — 0)% + (y; + 2)?]
= 4y2+ 36y, +81 =9(x? + yZ + 4y, + 4)
= 4y? + 36y, + 81 —9x? —9y? — 36y, —36 =0
= —9x? -5y +45=0
= 9xf+5y7—45=0

= 9x? + 5yf = 45

2 2
~ The Locus of P(xq, y,) is9x2 +5y2 =45 = 94%"' 5%5 =1

N

X
5
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2. TRANSFORMATION OF AXES
The axes can be transformed or changed usually in the following ways.
|.  Translation of axes
ll.  Rotation of axes
lll.  Translation and rotation of axes
Translation of Axes: - If the origin is shifted to another point without changing the

direction of the axes then the transformation is called Translation of axes.

If the Coordinates (x,y) of a point are tfransformed to (X,Y) when the origin is
shiftedto (h, k) thenx=X+h y=Y +k

If the origin (O, 0) is shiffed to (h, k) by the translation of axes then
(i) the Coordinates (x,y) of a point P are tfransformed as (x — h,y — k) and
(i) the equation f(x,y) of the curve is fransformed as f(X + h, Y + k) = 0.

The points to which the origin is to be shifted by the translation of axes so as to remove
the first degree terms from the equation.

5 5 _ 2 . hf-bg gh—-af
ax® + 2hxy + by* + 2gx+ 2fy+c =0 where h®= +ab is (—ab_hz, ab_hz)

The point to which the origin has to be shifted ax? + 2hxy + by? + 2gx + 2fy +c =0 is
(&3
Rotation of Axes: - The transformation obtained, by rotating both the coordinate axes
in the plane by an equal angle, without changing the position of the origin is called a
Rotation of axes.
If the coordinates (x,y) of a points are transformed to (X, Y) when the axes are rotated
through an angle 6 about the origin then

x = Xcosf —Ysinf, y = Xsinf + Ycos6
If the axes are rotated through an angle 6 then the equation f(x,y) = 0 of a curve is
transformed f (X cosf — Ysin6, Xsinf + Ycosf) = 0
If f(X,Y) = 0is the transformed equation of a curve when the axes are rotated through
an angle 6 then the original equation of the curve is

f(x cosO + y sinB, —xsinb + ycosf) = 0

The angle of rotation of the axes to eliminate xy term in the equation

ax? + 2hxy + by?* + 2gx + 2fy+¢c =0 is%tan‘1 (%) is (a # b) Gnd%ifa = b.

11
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LEVEL - |

1. When the origin is shiffed to (-1, 2) by the translation of axes, find the transformed

equal of 2x%? + y? —4x +4y =0

Sol: Let (x,y) be the old Coordinator
Let (X, Y) be the new coordinator after shifting the origin to (h, k) = (-1, 2) then
x=X+h=X-1 y=Y+k=Y+2
Given equation 2x?2 + y2 —4x+ 4y =0
Transformed Equationis 2(X —1)2+ (Y +2)?2 —4(X—-1)+4(Y +2) =0
> 2[X?2—2X+1]+Y?+4Y +4—-4X+4+4Y+8=0
=2X2—4X+24+Y?>+4Y +4X+44+4Y+8=0
=2X2+Y?2-8X+8Y+18=0
=~ The Transformed equation is 2x? + y2 —8x + 8y + 18 = 0

2. If the transformed equation of a curve x? + +3xy — 2y? + 17x — 7y — 11 = 0 when the

origin is shiffed to the point (2, 3) then find the original equation of the curve.
Sol: Given the equationis X? + +3XY —2Y2 + 17X —-7Y —11 =0
(h,k)=(2,3) X=x—h=x—-2,Y=y—k=y-3
(x—2)24+43(x—2)(y=3)—2(y —=3)2+17(x—=2) = 7(y —3) =11 =0
>x?2—4x+3xy—9x—6y+18—2y2+12y —184+17x=34—-7y+21—-11=0
=>x2—2y2+3xy+4x—y—20=0
~ The Transformed equation is x? — 2y2 +3xy+4x —y —20=10

3. When the axes are rotated through an angle % , find the transformed equation of
3x%+ 10xy + 3y? = 9.

Sol: Given equation is 3x2 + 10xy + 3y? = 9 ~——-—-- (1)

VA

Angle of rotation 6 = "

Let (X, Y) be the new coordinates of (x,y) then

12
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ing = T_yein®t = X _Y _XV_
x—XcosH—YsmH—Xcos4 Ysm4 = E A& 2
] = XsinZ T _ X, Y _xt¥
y—XsmB+YcosH—Xsm4+Ycos4 = ﬁ+ﬁ— 7
=~ Transformed equation of (1) is
x-v\? X-Y\ [X+Y X+7?

3(7) +10(F) (F)+3(F) =0

2,v2_ 2_y2 2 2
N 3(X2+v2%-2xY) n 10(x2-y )+ 3(X2+Y2+2XY) 9

2 2 2
= 3X?+3Y2 —6XY +10X%2 — 10Y2 + 3X%2 + 3Y? + 6XY =18( )
= 16X%2 —4Y? =18=>8X%2-2Y%2=9
~ The Transformed equation is 8x? — 2y2 =9

4. When the axes are rotated through an angle «a, find the fransformed equation of

xcosa + ysina = P .
Sol: Given equationis x = cosa + ysina = P -----—-- (1)
0= a x = Xcosa —Ysina y = Xsina + Ycosa
Transformed equation of (1) is
(X cosa — Y sina)cosa + (X sina + Y cosa)sina = P
= X cos?a — Ysina cosa + Xsin?a + Ycosa sina = P
= X(cos?a + sin*a) =P =>X=P
~ The transformed equationis x = P
5. When the axes are rotated through an angle % find the transformed equation of
x2 + 2/3xy — y? = 2a2.
Sol: Given equation is x2 + 2v3xy — y? = 2a? - (1)
0=
Let (X, Y) be the new coordinates of (x,y) then

x = Xcos8 — Ysinf = Xcos=— Ysin= = X (ﬁ) -y (1) _ V3X-v 9
6 6 2 2 2

13
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ﬁ) _ X+V3Y
2) 2

i = Xsin~ T_ 1
y—XsmB+YcosH—Xsm6+Ycos6 = X(2)+Y(

=~ Transformed equation of (1) is

(220 2 (2) (22) - (22 -2

2 2 2

N 3X2+4Y2-2y/3XY n 2v3(V3X2+3XY—-XY—/3Y?) n (X2+43v2+2y3XY)

2a?
4 4 4

= 3X2 4+ Y2 — 24/3XY + 6X2 + 4V3XY — 6Y%2 — X2 — 24/3XY + 3Y2 = 8a?
= 8X%2-8Y2=8a%2=X%2-Y2= @2

~ The Transformed equation is x* — y* = a?

6. When the axes are rotated through an angle 45°, the transformed equation of a

curve is

17x? — 16xy + 17y? = 225. Find the original equation of the curve.

Sol: Angle of rotation = 45°

= ing = 0 in450 = X4 ¥ Xy
X = xcos0 + ysinf = xcos45° + ysin45° = 7 + NARR

i vt 0 0o _ —X y _ —x+ty _ y—x
Y = —xsinf + ycosO = —xsin45° + ycos45° = oA + AT A V2

Given equationis 17X% — 16XY + 17Y?% = 225

17(2) - 16(2) () - () =229

17(x%+y2%+2 16(y?%—x2 17(x2+y%-2
N (xz xy) (YZJC)Jr (xszf %) _ 995

= 17x* + 17y* + 34xy — 16y + 16x* + 17x* + 17y* — 34xy = 450
= 50x2 + 18y2 = 450 > 25x2 + 9y? = 225

=~ The Original equation is 25x% + 9y? = 225

14
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LEVEL -1l

2h

1. Show that the axes are to be rotated through an angle of %tan‘1 ( b) SO as to

remove the xy term from the equation ax? + 2hxy + by? = 0 if a # b and through the

angle ~ifa=b
Sol: If the axes are rotated through an angle 6 then
x = XcosO —Ysin@, y = Xsinf + Ycos0O
Therefore the given equation transforms as
a(Xcos@ — Ysin@)? + 2h(XcosO — Ysin0)(Xsind + YcosO) + b(Xsin + Ycosf)? = 0
to remove XY term from the equation, we have to equate the coefficient of XY
term to Zero.
So, (b — a)sinb cosf + h(cos?0 — sin?6) = 0
i.e., hcos20 = az;bsinZH
i.e., tan20 = % isa#b
and hcos20 =0,isa=b
W 0= %tan‘1 (%) if a # b and

==

4

fa=>b

2. When the origin is shifted to (-2, -3) and the axes are rotated through an angle 45°
find the fransformed equation of 2x% + 4xy — 5y? 4+ 20x — 22y — 14 = 0.

Sol: Here (h, k) =(-2,-3),h=-2,k=-3, 8§ = 45°

Let (X, Y) be the new coordinates of any point (x,y) in the plane after the

tfransformation.

Then, x = Xcos® — Ysind + h = Xcos45° — Ysind5° — 2 = X (i) —y (i) —2

vz V2
()2

15
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y = Xsinf + Ycos6 + k = Xsin45° + Ycos45°32 = X () +¥ (%) - 3

vz vz
— (X)) _
y_(ﬁ) 3
On substituting these values in the given equation , we get

2{(3) -2 + {03 - HEF -3 - s {8 -3 +20{(F) -2} -

22{(%)—3}—14=0

+10V2(X —Y) — 40— 11V2(X +Y) — 66 — 14 = 0
5> (X -1 +2(X2-¥) - 2(X+¥)?-1=0
(grouping similar term and cancelling)
:XZ+Y2—2XY+2X2—ZYZ—S(X2+Y2+2XY)—1=0
= 2X%2 +2Y? —4XY + 4X? —4Y? —5X?2 —5Y2 —10XY —2=0
> X?—7Y?2—-14XY -2=0

Hence the fransformed equationis x? — 7y?2 — 14xy —2 =0

16
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3. THE STRAIGHT LINES

Key Points:

Inclination of aline: If a line makes an angle 8 (0 < 8 < m) with X-axis measured in

positive direction ‘0’ is called inclination of line.

(i) 1f 6

= 00, then the line is parallel to X-axis.

(i) if © = 900, then the line | = 0 is perpendicular to X-axis.

Slope
(i)

(ii)
(iii)
(iv)
Note:
(1)
(ii)
(iii)
(iv)
(V)
(Vi)
(vii)

(viii)

(i)

of a Line:

If ©is the inclination of a line then tanB is called slope of the line. Slope of a line
is denoted by m, then m = tane.
Slope of line passing through (x4, y), (x5, v,) is %

Slope of aliney =mx+cism
Slopeofolineax+by+c=0is_b—a

The slope of X-axisis 0 (when 6 =0)

The slope of a horizontal line is 0 (when 6 =0)

The slope of Y-axis is not defined (when 6 = 909°)

The slope of a vertical line is not defined.

If m>0 then 0° < B8 <90°

If m <0 then 90° <6 < 180°

fm=0then®=0

If the slope of aline ‘L’is m # 0 then the slope of any line perpendicular to L = -

1/m.

If ©is on acute angle between two non vertical lines having slopes m; and ma2
m;

then tang = |22

1+mym,

General equation of Line: Every first degree equation in x and y represents a line. The

equation of aline general formis ax + by + ¢ = 0, a,b,c € R, a? + b? # 0, having slope =

—C
a

x-intercept = _76 y-axis intercept = %C

» The equation of aline parallel to ax + by + ¢ =0is of the formax + by + k=0

» The equation of aline perpendicular to ax + by + ¢ = 0 is of the form bx —ay + k = 0.

» The equation of x-axis is y = 0. The equation of any line parallel to x-axis is y = k.

» The equation of y-axis is x = 0. The equation of any line parallel to y-axis is x = k.

17
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Equation of a Straight line in Various forms:
» Two point form: The equation of the line passing through (x;,y:) and (x;,y,) x; # x5
_ )2 X—X1 Y=

—V1
X—X1) Of — =
—X1 ( 1) X2—X1 Y2—V1

Sy—y; = -
» Point —slope form: The equation of the line passing through (x4, y;) and having
slope ‘'m'is y —y; = m(x — xy)
> Slope -intercept form: Equation of the line having slope ‘m’ and y-intercept ‘c’is
y=mx+c
> Intercept form: Suppose a line L makes intercepts of a and b on x and y axes
respectively then its equation is z +% =1.
» Equation of a line passing through (x4, y;) nnd
(i) Parallel toax + by +c=0isa(x —x;) + b(y—y,) =0
(i) Perpendiculartoax + by + c =0is b(x —x;) —a(ly —y,) =0
Normal form: The equation of a straight line, whose distance from the origin is ‘P'and
this perpendicular makes an angle a with positive direction of X-axis measured
Counter clock wise direction is xcosa + ysina = P.

» The normal form of aline ax + by +c=01s

(-a) (<) ~_ ¢ .
Varsor ¥ T Jarep7) = Vamepr 1€ >0 ONC

a b —C
x +
va2+b? Va2+b2y vaZ2+b?

Symmetric form and Parametric form:

,ifc<0

» The equation of a straight line passing through (x4, y,) and making an angle 6 with

the positive direction of x-axis is

X—X -
0 YA \heref e (O,E) U (E,n)
cos0 sinf 2

» The coordinates (x,y) of any point P on the line at a distance ‘r’ units away from
the point A(x;,y,) can be taken as (x; + rcos6, y; + rsinf) or (x; — rcos6,y; — rsinf)
» The equation x; + rcos0, y, + rsinf are called parametric equation of a line with
parameter ‘r'of the line passing through the point (x,, y;) having inclination 6.=+
Distances:

» The perpendicular distance to the line ax + by + ¢ = 0.

» From the origin is i

|ax,+by;+c|

> From the point (xy,y1) is — ===
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The distance between parallel lines ax + by +¢; =0and ax + by + ¢, =0 is

lc1—cal

VaZ+b?
The ration in which the line L = ax + by + ¢ = 0 (ab # 0) divides the line segment AB

joining points A(xy,y,) B(x3,v,)is =L, = Ly, where Ly = ax; + by, + ¢ =0 Ly, = ax, +
by, +c =0.

The Points A, B lie on the same side or opposite side of the line L = 0 according as
L1, L22 have same sign or opposite sign thatis -Li1 : Leo <0 or -Ly; : L2 > 0.

If (h, k) is the foot of the perpendicular from (x4, y,) to the line ax + by + ¢ = 0, then
h—xy k—y __(ax1+by1+c)

2 2 a? + b?
If (h, k) is the image of the point (x4, y;) with respect to the line ax + by + ¢ = 0, then

h—x; _ k-y; _ —2(ax;+by;+c)

2 2 a?+b?

The point of intersection of lines a;x + byy + ¢, =0 and a,x + b,y + ¢, =01is

(b102 —b,c; cia, —cya,4 )
a;b, —a,b; a;b, — a,b,

The angle between the lines a;x + b;y + ¢; = 0 and a,x + b,y + ¢, = 0 is © where
(0 <6 <m) then
a,a,+bib,

a,a;—bb; a,b,—a; by

, Sinf = and tanf =

cosf = 5D
Jag+b?. Ja3+nd Jag+nz. Jaz o3 @182+ by

Lines are perpendicular ©a,a, + b;b, = 0.

H b
Lines are parallel & 2 =2
ap bz

If ax + byy+c;, =0, a,x + b,y + ¢, =0 and asx + b;y + ¢; = 0 represent three lines no
two of which are parallel, then a necessary and sufficient condition for these lines

a, by ¢
a, b, c,
as by ¢

to be concurrent is =0

Centroid of a Triangle: The line segment joining vertex and mid point of opposite side

of triangle is called a median of the triangle. The point of concurrency of the mediam

of a triangle is called the centroid of a triangle. A(xy,y;) B(x,,y,) C(xs,v5) are the

Xq+Xp+X3 3&"‘3’2"‘3’3)

vertices of a triangle ABC then centroid = ( . , .

Circumcentre of a friangle: The point of concurrency of perpendicular bisectors of the

sides of a triangle is called the circum centre. Denoted by S.
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Note: (i) The circle which passes through all vertices of triangle is called the circumcircle

of the AABC. The centre of circumcircle is called the circumcenter and the radius of

circumcircle is called the radius of the triangle. It is denoted by R.
(i) If Sis the circumcenter of AABC, then SA=SB =SC =R
(iii) in a right angled triangle, the circumcenter is mid point of hypotenuse.

e Incentre of Triangle: The internal bisector of the angles A, B, C of AABC are concurrent
at I. The point of I is the incentre of AABC.
If A(xy,y1) B(xy,y,) C(xs,y3) are the vertices of a AABC and BC = A, CA =b, AB = C then Incentre

_ [axy + bxy +cx3 ay1+by2+cy3]
Ll a+b+c ' a+b+c
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VSAQ (2 Marks)

1. Find the slope of the line passing through the points (—p, q). (q, —p). (pq # 0).

Sol: Slope of the line passing through (x4, y;1) & (x5,y,) is

Slope (m) = Y2=y1 . —p=q _ —(ptq) _ 1.

= ~m =-1]
X2—X1 q—(-p) q+p

2. Find the value of x, if the slope of the line passing through (2, 5) and (x, 3) is 2.

Sol: Slope of the line joining (2, 5) and (x, 3) is

- 3-5 -2
—Y27V1 _ =2 = =2
Xo—X1 x-=2 x—2

Slope (m)

>-2=2x-2)>2x-2=-1=2>x=-14+2=>x=1
3. Find the value of P, if the straight lines 3x + 7y —1 = 0 and 7x — Py + 3 = 0 are mutually

perpendicular.
Sol: Slope of the line 3x + 7y — 1= 01is mi ==

Slope of the line 7x — Py +3 = 0ismz2==- = m; =

o

Given that the lines are perpendicular

M= 1272 15 3= Pop=3

4. Find the value of y, if the line joining (3, y) and (2, 7) is parallel to the line joining the
points (-1, 4) and
(0, 6).

Sol: Given points are A(3, y) B(2, 7) C(1, 4) D(0, 6)

Slope of AB="2="2 -, _7

2-3  (-1)

4-6 -2
-1-0  (-1)

Slope of CD =

AB and CD are parallel = slopes are equal
y—7=2=y=9

5. Find the equation of the straight line passing through (-4, 5) and cutting off equal and

non zero intercept on the coordinate axes.

Sol: Equation of the straight line in the intercept form is §+ % =1.
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Given equal and non zero intercepts > a=b

s~ equation of the lineis>+7 = 1= x+y =a
The line passing through (-4, 5) > —4+5=a=>a=1
-~ equation of the required lineis x + y = 1.

6. Find the equation of the straight line passing through the point (-2, 4) and making

intercepfs.
Sol: whose sum is

Equation of the line in the intercept form is §+% =1
Givena+b=0=b=-a
- equation of thelineis>+>=1 =sx-y=a

The line is passing through (-2, 4)
n—2-4=a>a=-6
~ equation of therequire lineisx —y=-6 =2x—y+6=0

7. Find the angle made by the straight line y = —/3x + 3 with the positive direction of the

X-axis measured in the counter clockwise direction.

Sol: Equation of the given line is y = —/3x + 3.

Suppose ‘a’ is the angle made by this line with positive x-axis in the counter clockwise
direction

2 2
=S tana = —/3 = tan?” hence « =?n

8. Show that the points (-5, 1), (5. 5) (10, 7) are collinear and find the equation of the
straight line containing them.

Sol: Given points are A(-5, 1) B(5, 5) C(10, 7)

Equation straight line passing through (xq,v,) & (x3, v3)

y =y = (22 @ - x)

X2—X1

Equation of the line passing through A(-5, 1) B(5, 5) is

y-1=(32)(x+5)
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= 10(y—1) =4(x+5)

= 4x+20—10y +10 =0
= 4x — 10y + 30 = 0 = 2x-5y+15=0 - (1)
Substituting C(10, 7) ineq (1)
= 2(10)-5(7)+15=0
=20-35+15=0=35-35=0
Hence the given points are Collinear
~ The equation of the line containing the given pointsis 2x — 5y + 15 =0

9. Find the equation of the straight line perpendicular to the line 5x —3y + 1 = 0 and
passing through the point (4, -3).

Sol: Equation of the line 5x — 3y + 1 = 0, slope = 5/3
Slope of the line perpendicular to the given line is = -3/5.
Equation of line passing through (4, -3) and having slope -3/5 is
y+3=—2(x—4)

=5y+15=-3x+12 =23x+5y+3=0

10.Find the area of the friangle formed by x — 4y + 2 = 0 with the coordinate axes.

Sol: Givenlineisx —4y+2=0
Herea=1b=-4c=2

2

Area of triangle formed by ax + by +c =01is 2labl

@2 a4 1
T 211(-4)  2x4 2

~ Area of the triangle = ; Sq. Units.

11.Find the ratio in which (i) the x-axis and (i) the y-axis divide the line segment AB joining
A(2, -3) and
B(3, -6).

Sol: (i) x-axis divides AB in the ratio —y,;:y, = =3:6=—-1:2

(ii) y-axis divides AB in the ratio —x;:x, = —2:3
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12.Find the perpendicular distance from the point (-3, 4) to the straight line 5x — 12y = 2.

Sol: Perpendicular distance of the point (-3, 4) from the line 5x — 12y — 2 = 0 is equal to

_Is(=3)-12(4)-2| _ |-15-48-21] 65 _ 5
V524122 o V169 13

13.Find the distance between the paradllel lines 3x — 4y = 12, 3x —4y = 7.
Sol: equation of the lines are 3x —4y — 12 =0 and 3x — 4y — 7 = 0 have

a=3b=-4c1=12,¢co=-7

. . lc1—cl
Distance between the parallel lines —=
P vaZ+b?
—-12+7 -5 5
_lm12471 sl s _ g

" Vo+16 V25 5
14.Find the distance between the parallel lines 5x —3y —4 =0, 10x — 6y —9 = 0.
Sol: the equation of the given straight lines can be taken as

10x—6y—8=0,10x—-6y—9=0

-8+9 1 1
V100436 V136 234

Distance between the parallel lines =

15.Find the equation of the straight line parallel to the line 2x + 3y + 7 = 0 and passing

through the point (5, 4).
Sol: equation of the given lineis 2x +3y +7 =0
Required equation 2x + 3y = k passing through the point (5, 4)
2 2(5)+3(4)=k=>k=10+12=>k=22
~ equation of the line parallel to 2x +3y +7 =0is 2x + 3y =22 = 2x+ 3y —22=10

16.Find the equation of the straight line perpendicular to the line 5x —3y +1 =0 and

passing through the point (4, -3).

Sol: equation of the given lineis 5x -3y +1 =0 --——-—- (1)
Equation of the line perpendicular to (1) is of the form 3x + 5y + K = 0 -———--- (2)
If (2) passes through (4, -3) then
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3(4) + 5(-3) +k =0

=212-15+k=0=>k=3
~ required line equationis 3x + 5y + 3 = 0.

17.Find the value P if the straight lines 3x + 7y — 1 = 0 and 7x — Py + 3 = 0 are mutually

perpendicular.
Sol: Equation of the givenlinesare3x + 7y —1=0,7x —Py+3 =0

These lines are perpendicular = a,a, + bib, =0 = 3(7) +7(-P) =0=>21-7P =0

=>/P=21=P=3

18.Find the condition for the points (a, 0) (h, k) and (0, b) where ab # 0 to be collinear.
Sol: A(a, 0), B(h, k), c(0, b) are collinear

= slope of AB = Slope of AC

=>";°=‘7”=>ak=—bh+ab

Sak+bh=ab=>% 4+ 1554
ab ab b

19.Find the equation of the straight line passing through the point (at?, 2at,) and
(at?,2at,).
Sol: Let A = (at?,2at,) B = (at2,2at,)

Zatz_zatl _ Za(tz_tl)
at?-at? a(t?-t?)

Slope of AB =

o 2(ty—ty) 2
(tp—t)(t+t4) tr+tq

2

(x — at3
tr+tq

~ equation of the straight line is y — 2at, =

= y(t, + t;) — 2at,(t, + t;) = 2x — 2at?

= 2x —y(t; +t;) + 2atyt, =0
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THE STRIGHT LINE (SAQ) (4 Marks)

1. Transform the following equations info (a) slope —intercept form (b) intercept form (c)

normal form.
Sol: (i) 3x+4y =5

Slope intercept form: 3x + 4y =5

=4y =5—-3x
5 3
=2y = Z - ZX
Slope (m) = —z y-intercept z

Intercept form: 3x + 4y =5

3x 4 X
>+ =14

S*STITD

Normal form: 3x + 4y =5

|<

+%=1

(

a1y

)

Divide by v9 + 16 = 5 on both sides

%x + Ey = 1 which is of the form x cosa + y sina = P
cosa = > and sina = 2
5 5
(i) V3x +y = 4
Sol: Slope - intersection form: y —+/3x + 4
Slope = -3 y-intercept = 4
Intercept form: V3x +y = 4

:>§x+2=1:>
4 4

Normal form: v3x + y = 4

Divide by V3 + 1 = 2 on both sides

:>§x+%=2:>xcos(%)+ysin(%)=2
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2. Transform the equation =+ 7 = 1 into the normal form when a >0 and b > 0. If the

perpendicular distance of the straight line from the origin is P deduce that P1_2 = aiz + biz.
Sol: equation of the line is §+ % =1

= bx+ay=ab
Divide on both sides with va? + b?

b x + a _ ab
VaZ+p? VaZ+p2 VaZ+p2

Which is of the form x cosa + y sina = P

P is the perpendicular distance from the origin to the line §+ % =1= §+ % -1=0

-1 1 1 1 1
1,1 101 a2 b2 P
Fear ztp

Squaring on both sides

1 1 1
ozt
3. If the product of the intercepts made by the straight line x tana + y seca = 1

(O <a< g) on the Coordinate axes is equal to sin a, find a.

Sol: Give line is x tana + y seca = 1

X y
cota  cosa

Product of the intercept = sina
. cosa .
cota.cosa = sina@ > —,Ccosa = Sina
sina

= cos?a = sinfa > a = %.

4. Find the points on the line 3x — 4y — 1 = 0 which are at a distance of 5 units from the
point (3, 2).

Sol: equation of the line is symmetric form is

x—3 y-—2

cosa sina

Coordinate of the point P are
(3 + rsina, 2 + r sina) = (3 + 5cosa, 2 + 5 sina)
Pisapoinfon3x—4y—1=0
3(3+5cosa)—4(2+5sina)—1=0

= 9+ 15cosa — 8 — 20sina—1 =0
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= 15cosa = 20sina = tana = Z.

Case () cosa == sina =2 then

Coordinating P are [3+5(2) 2+5(%)| = (7,5
Case (i) cosa = = sina == then

Coordinating P are [3+5(2) 2+5(2)| = (-1,-1)

5. Astraight line whose inclination with the positive direction of the x-axis measured in
the anticlock wise sense is m/3 makes positive intercept on the y-axis. If the straight line

is at a distance of 4 from the origin find its equation.
Sol: Given a =§ P=4

m = tana = tan60° = /3
Equation of the line in the slope intercept form is
y=V3x+c >V3x—y+c=0

Distance from the origin = 4

|[0—0+c]|

V3+1

Givenc>0 ~.c=8

=4=|c|=8=c=18

- equation of the line isvV3x —y +8 =10

6. Find the value of P. If the following lines are concurrent 3x + 4y =5, 2x + 3y = 4,
Px+4y =6,

Sol: givenlines are 3x + 4y =5 - (1)

Intersecting point of (1) & (2)

x y ]
4 >< -5 3 4
3 _4>< 2 >< 3
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Since the lines are concurred, the point (-1, 2) lies on (3)

>P(-1)+42)-6=0=>—-P+8—-6=0
>—-P+2=0=>-P=-2=>P=2

7. 1f Q(h, k) is the foot of the perpendicular from P(x,,y,) on the straight line ax + by + ¢ =
0then (h—xy):a=(k—7v,):b =—(ax; + by, +¢) : a®?+ b>.

Sol:L=ax+by+c=0, P(x,y:) Q(hk) 1 P(x1,y1)
Slope of L(m,) = —%—

k—y,
h—x

Slope of PQ(mg) =

1

L+PQ & mimo=-1 L=0 Q(h, k)
(3)(2)--

k—y1 b k—y1 h—x1

= -5 — =
h—x1 a b a
h=x1 _ k=¥ _ 5 cnv
1= 20— ) say (1)
h—x; =al k—y, =ba
h:x1+a/1 k:y1+b/1

Q(h, k) is a pointonL=0
calxy+al)+b(y, +bA)+c=0
ax; + a’A+ by, +b?A+c=0
(a®> + b*)A = —ax, — by, — ¢

1= —(axq1+by{+c)

a2+b?
~ (1) becomes
h-x; _ k-y; _ —(ax;+by;+c)
a b a?+b?

8. Find the foot of the perpendicular from (-1, 3) on the straight line 5x —y — 18 = 0.
Sol: Let Q(h, k) be the foot of the perpendicular from (-1,3)to5x —y—18 =10

h-x; _ k-y; _ —(ax;+by;+c)
a b a?+b2
h—(-1 k-3 —(-5-3-18 h+1 k-3 26
a -1 52412 5 -1 26
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>h=5-1 k=-1+3
>h=4 k=2
o (hk) = (4,2)
9. IfQ (h, k) is the image of the point P(x,,y,) with respect to the straight line ax + by +
c=0then (h—xy):a=(k—v,):b=—(ax, + by, +¢): a® + b>.

So:L=ax+by+c=0,P(x,y;) Q(hk)
Slope of L(m,) = —%— P

Slope of PQ(my) = %

X1

LJ-PQ<—>m1m2=—] M
@\ ((k=yi) = _

(_b)(h—xl)_ 1

ko _b | ken _ hon

h—_xl_ai b a Q

h=x1 _ k=¥ _ 5 cnv

— =—==Asay (1)

h—x; =al k —y, =bA

h=x;+al k =y, +bA

M is the midpoint of PQ

x1+h +k
M=(1 '3’1 )
2 2

It is a point on the line L=0

a(%)+b(w)+c=0

2
ax; +a(x; +ar) + by, + b(y; + bA) +2c =0
ax, + ax; + a’A+ by, + by, + b2+ 2c =0
(a® + b*)A = —2ax, — 2by, — 2¢

1= —-2(axq+byi+c)
a?+b?

~ (1) becomes

h-xy _ k-y; _ —2(ax;+by;+c)

a b a2+b?
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10.Find the image of (1, -2) w.r.to the straight line 2x —3y + 5 = 0.

Sol: (h, k) is the image of (1, -2) w.r.to the line 2x =3y +5=10

h=1_ k42 _ -2[2(1)-3(-2)+5]
T2 -3 (2)24(-3)2
h—-1  k+2  —2[2+6+5]
= = =
2 -3 449

h—-1 k+2 -2[13]
2 -3 13

—=-25h-1=-4h=-3

M e 25k+2=6=k=4

=~ (hk) = (-3,4)
11.A straight line through Q(+/3,2) makes an angle % with the positive direction of x-axis. If

the straight line intersection the line v/3x — 4y + 8 = 0 at P. find the distance PQ.

Sol: Given Q(v/3,2) = (x4,y1)

LeT6=%=30°ondPQ=r

P(x, + 1 cosO, y, +rsinf) = (\/§ +7rcos30°2+r sin300)
- V3 r

= (\/§+ 77’, 2 +E)

Pliesontheline V3x —4y +8 =10

=\/§(\/§+§r)—42+§+8=0
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12.Find the equation of straight line passing through the origin and also through the point

of intersecting of the 2x —y+5=0,x+y+1=0
Sol: Equation of the straight line passing through the point of intersecting Li, L2 is

L1 + AL, =0
Equation of required line is
2x—y+5+Ax+y+1)=0 - (1)
Passes through origin (0, 0)
= (2(0) -0+ 5) + A(0+0+1) =0
=>5+A=0=A= -5
~requiredline 2x —y+5—-5(x+y+1)=0
=>2x—y+5x—-5y—-5=0

=>-3x—6y=0=>x+2y=0

LAQ (7 Marks Questions)

1. Find the equation of the straight lines passing through the point (-10, 4) and making
on angle ‘B’ with the line x — 2y = 10 such that tanf = 2.

Sol: equation of QR is x — 2y = 10
Slope PQ =m, PQ passes through (-10, 4)
Equation of PQis y — 4 = m(x + 10) P(-10, 4)

>y—4=mx+10m

>mx—y—10m+4=0 7] 0
A -
Given that tand = 2 Q R
1
~ cosl = NG
cosf = laja;+byb,| Y |m+2|

5 :\/1 4vVm2+1
Japenp Jagpg VS TR
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1 |m+2|

= T evmiii

=>Vm2+1=|m+2|

Squaring on both sides we get
m>*+1=m+2)?2 >sm?*+1=m?>+4m+4

>4m+3=0 =>m= 73
Case 1: Coefficient of m2=0
= one of the root is
Hence PR is a vertical line
Equation of PRisx + 10 =0
Case 2:m = _73
Equation of PQ is
y—4==(x+10)
>4y—-16=-3x—-30>3x+4y—-16+30=0
=>3x+4y+14=0

2. The base of an equilateral triangle is x + y — 2 = 0 and the opposite vertexis (3, -1).

Find the equation of the remaining sides.
Sol: equation of BCisx+y—-2=0
AB passes through A(2, -1) A2, -1)
Slope of AB=m
Equation of ABisy +1 = m(x — 2)

>mx—y—02m+1)=0

|m—1]| 1 |m-1] B

0 —
€0s60° = === 5 = GVt

x+y—2=0 C

Squaring and cross multiplying
2m?*+1) =4m-1)?2?>m?*+1=2(m*-2m+1)

>m?+1=2m?—-4m+2=>m?>—-4m+1=0
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_ 4i\/216—4 — 412@ =24 \/§

m

>m=2++3
equation of AB =y +1= (2 ++3)(x — 2)
equation of AC =y +1=(2+V3)(x—2).

3. Find the equation of the straight lines passing through the point (-3, 2) and making an
angle 45¢ with the straight line 3x —y + 4 = 0.

Sol: Given point P(-3, 2)
Givenlineis3x—y+4=0--——-- (1)
Let M be the slope of a line which passes through P

Equation of line passing through P(-3, 2) having slope m is

y=2=mkx+3)>mx—-y+3m+2=0 -—-—--- (2)
Angle between (1) & (2) P(-3,2)
cos45° = |3m+1| = 1 [3m+1]

VOFINmZe1 V2 Vi0 ymZ+1

Squaring on both sides

1 _ Im?+6m+1 2 _ ) _
2 10(m2+1) :>10(m +1)—18m +12m+ 2 Q 3X—y+4=0 R

= 10m? + 10 = 18m? + 12m + 2
=8m?+12m—-8=10
>2m?+3m—-2=0
>Mm+2)(2m-1)=0
m=—2 mzé

Casel: m = -2 then equation (2) becomes
y—2=-2x+3)=22x+y+4=0

Case 2:m = % then
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y—2=%(x+3):>2y—4=x+3

>x—2y+7=0
4. Find the incenter of the triangle whose vertices are (1, V3), (2, 0) and (0, 0).

Sol: A(0, 0) B(2, 0) c(1,V3)

C=AB=.,(2-0)2+(0-0)2=+4=2

b==AC= [(1-0)2+(Vi-0) = VI¥3 =2 A
o=BC=\[(1—2)2+(\/3_’—0)2=\/1+3=2 C b

intersect | = (ax1+bx2+cx3 ay1+by2+cy3)

a+b+c ' a+b+c

) )

(2(0)+2(2)+2(1) 2(0)+2(0)+2\/_) (4+2 ﬂ)

24242 242+2 6 6
=% =(1%)
21=(1%)

5. Find the orthocenter of the triangle whose vertices are (-5, -7), (13, 2) and (-5, 6).

Sol: A(=5,-7) B(13,2) C(-5,6)

Slope of BC = _2:213 = _ils = —% A

AD-LBC

Slope of AD =9/2 F E

Equationof AD=>y +7 = g(x +5)
= 2y + 14 = 9x + 45 A D B
>9x—-2y+31=0 - (1)

Slope of AC = _6:5 = % g
AC L BE

35




TSWREIS
Slope of BE=0

Equation of BE=y —2 = 0(x — 13)

=>y—2=0

Intersecting point of (1) & (2) is our required orthocenter from (1) & (2)
9x —2(2)+31=0

=>9%x+27=0=>9x = -27

>x=-3

~ orthocenter (0) = (-3, 2)
6. Find the orthocenter of the triangle whose vertices are (5, -2), (-1, 2). (1. 4).
Sol: A(5,-2) B(-1,2) C(1,4)

Let O be the orthocenter

SIopeofBC=m=ﬂ=3=1 A
1+1 2
Slope of AD = -1
Equationof AD=>y+2=—-1(x—5) F E

>y+2=—-x+5

>x+y—3=0--—-- (]) B D C
Slope of AC =22 =252 = _2
1-5 -4 2

Slope of BE =§
Equation of BE=y — 2 =§(x+ 1)
=3y —6=2x+2
=>2x—-3y+8=0-—--- (2)
Solving (1) & (2) we get

x y 1
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o Xy _ 1 xX_ vy _1
8-9 —6—8 —3-2 -1 —-14 -5
x 1 1 y 1 14
—_—— = — —_— = —
1" 57 *T5" 14T 577

~ orthocenter (O) = G%)

7. If the equation s of the sides of a triangle are 7x + y—10=0,x -2y +5=0and x +
y + 2 =0, find the orthocenter of the friangle.

Sol: Given equations

BC : 7x+y —10 = 0 - (1) A
AC :x—2y+5=0---—-—- (2)
AB:x+y+2=0 - (3) B <

for *A’ solving (2) & (3)
2)-3)= x—2y+5—-(x+y+2)=0=>x—-2y+5-x—y—-2=0
> -3y+3=0>y=1
y=1in(2)>x-2(1)+5=0>x—-24+5=0>x =-3
~A=(-3,1)
for ‘B’ solving (1) & (3)
(1)-3)= 7x+y—-10—-(x+y+2)=0=>7x+y—-10—x—y—-2=0
=26x—12=0>x=2
x=2iN3)=22+y+2=0=>y=—4
=~ B =(2, -4)
Slope of BC = -7

BC L AD = Slope of AD =

N
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equationof AD=>y—1= %(x + 3)

7y—7=x+3>x-7y+10=0 -———- (4)
Slope ofAC=% AC 1 BE
Slope of BE= -2

equation of BE=>y+4=-2(x—2)>y+4=-2x+4

Solving (4) & (5) we get
Orthocenter (O) = (—3,3)
8. Find the circumcenter of the triangle whose vertices are (1, 3), (0, -2) and (-3, 1).
Sol: Let A(1, 3) B(0O, -2) C(-3, 1) A
Let S(x,y) be the circumcenter

We know that SA =SB =SC

SA=3SB B C

Joax—D2+ (@ —-3)2=/(x—-0)2+ (y+2)?
Squaring on both sides
>x2+1-2x+y2—6y+9=x2+y2+4y+4
=>-2x—6y+10=4y +4

=>2x+10y—-6=0

>x+5y—-3=0-—- (1)

SB=3SC

= J(x—02+ @ +2)2=/(x+3)2+(y—1)2
Squaring on both sides
S>x2+y?+4y+4=x*+6x+9+y*—-2y+1

=>4y +4 =6x—2y+ 10
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=>6x—6y+6=0

>x—y+1=0-—- (2)
Solving (1) & (2)

eq(l)-eq(2)=x+5y—-3—-(x—y+1)=0=>6y—4=0

=>6y=4=>y=§

PUTy=§inx—y+1=O=>x—§+1=0:x+§=0

-1
=>x=—
3

~ Circumcenter S(x,y) = (_?19
9. Find the circumcenter of the triangle whose vertices are (1, 3), (-3, 5) and (5, -1).
Sol: Let A(1, 3) B(-3, 5) C(5, -1)

Let S(x,y) be the circumcenter

We know that SA =SB =SC

SA=3SB

Ja—-124+ (@ -3)2=/(x+3)2+ (y - 5)2
Squaring on both sides
>x2+1-2x+y2—6y+9=x2+6x+9+y?—10y+25

=>8x—4y+24=0

= J(x+3)2+ (@ -52=/(x—-5)2+(y+1)?
Squaring on both sides
> x2+4+6x+9+y2—10y +25=x2—-10x+25+y%+2y+1

=>16x—12y+8=0
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>4x—-3y+2=0-——- (2)

Solving (1)& (2)

x y 1
1 6 2 -1
3 2 4 -3
x__ ¥y _ 1 x_y_1
—2+18 24—-4 —6+4 16 20 -2
Sx===-8y=2=-10

=~ Circumcenter S(x,y) = (—-8,—10)

10.1f p and g are the length of the perpendiculars from the origin to the straight lines

x seca + y cosec @ = a and x cosa — ysina = a cos2a. Prove that 4p? + q% = a2
Sol: Given straight lines

x seca +ycoseca =a = xseca+ycoseca—a=0---——-- (1)

X cosa — ysina = a cos2a = x cosa — ysina — a cos2a = 0 -——--- (2)

p = Length of perpendicular distance from (0, 0) to (1) is

__|o(seca+0 (coseca)-a)| _ |-

al
=p= =
p Vsec?a+cosec?a r 1
cosla sinla
a asina.cosa .
— :>p = asina.cosa

Jsin2a+cosza VsinZa+cos?a
sin?a.cos?a

g = Length of perpendicular distance from (0, 0) to the line (2)

__|0-0-acos2a| _ acos2a

=g = =
q Vcos2a+sinZa Vi

= q =acosza
4p? + q? = 4(a sina.cosa)? + (a cos2a)?
= 4q’cos?’asin’a + a’cos?2a = a?[(2 sina cosa)? + cos?2a]
= a?[sin?2a + cos?2a] = a?(1) = a?
@ 4p? + q? = a?
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4. PAIR OF STRAIGHT LINES

(Weightage: 7 + 7 = 14M)
KEY POINTS

If h2 > ab then ax? + 2hxy + by? = 0 represents a pair of straight lines passing through
the origin.
Let ax? + 2hxy + by? = (lLx + myy) (lLx + myy)

=LLx?+ (ymy + Imy)xy + mym,y? =0
Comparing on both sides ,
a=1ULIl, 2h=1lym,+1l,my, b =mm,
The equation of bisects of angles between the lines a;x + b,y + ¢, =0,
a,x +b,y+c, =0are

ax +by+c +a2x+b2y+c2

Jaz + b? Jai+ b2
The equation of bisects of angles between the lines ax? + 2hxy + by? = 0 is

h(x? —y?) = (a — b)xy.
If 6 is the acute angle between the pair of lines ax? + 2hxy + by? = 0 then,

2_
(i) cos = —<2l i) tang = 20—
J(a—b)2+4h2 la+b|

(i) The above lines are perpendicular & a # b =0

(iv) The above lines are coincide & h? —ab = 0

The equation of the lines passing through (x4, y,) and

(i) Parallel to ax? + 2hxy + by? = 0is a(x —x)? + 2h(x —x)(y —y) + b(y —y1)* =0

(i) Perpendicular to ax? + 2hxy + by? = 0is b(x — x;)?> — 2h(x —x)(y —y;) +

a(y —y)* =0

The area of the triangle formed by ax? + 2hxy + by? = 0 and the line lx + my +n=20s
n?VhZ-ab

|am?2-2him+bli?|
The product of perpendicular drawn from a point to the pair of lines ax? + 2hxy +

aa?+2haf+bB?

J(a=-b)2+4n? |
If ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0 represents two pairs of lines then

by? =101is
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(i) A= abc + 2fgh — af? — bg? —ch?> =0

(i) h? = ab, g* = ac, f* = bc

> The point of intersection of the lines represented by ax? + 2hxy + by? + 2gx + 2fy +

. hf—-b h—
¢ =i (1ot anmary
ab—h?’ ab—h?

> If the equation ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0 represents a pair of parallel line

then (i) k2 = ab (i) af? = bg? and (iii) distance between these parallel lines is

g?-ac _ f2-ac
Z\Ia(a+b) =2 b(a+b)

» Homogenisation: The equation of the pair of lines joining the origin to the points of

intersection of the curve ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0 and the line Ix + my +

n=20Is

Ix+m Ix+m Ix + my\*
ax2+2hxy+by2+2gx( ny>+2fy( — y)+c( — y) =0

> The pair of lines of ax? + 2hxy + by? = 0 are at right angles,

Coefficient of x? + coefficient of y2 =0 (or)a+b =0
LEVEL - | (7 Marks)

1. Theorem 1: Show that the equation to the pair of bisectors of angles between the pair

of lines ax? + 2hxy + by? = 0 is h(x? — y?) = (a — b)xy.
Sol: Let the equation ax? + 2hxy + by? = 0 by presents the lines
Lx+my=0 Lx+m,y=0
Then, ax? + 2hxy + by? = (I;x + myy)(Lx + m,y)
= Llx% + (Iym, + Lymy)xy + mym,y?
Comparing on both sides we get,

a = lllz, Zh = llmz + lzml, b = m1m2

lix+mqy lyx+myy

Equation of the angular bisectors is ==
,l%+m% ,l§+m§

(Lix + myy)J15 +mj = £(Lx + myy)y 15 + mi

Squaring on both sides,

(Lix + my)2(13 + m3) = +(Lx + myy)? (12 + m3)
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(I2x%2 + m2y? + 2lymyxy) (15 + m3) = (I5x%2 + m2y? + 21,myxy) (12 + m3)

I212x2 + 2m2y? + 21 15myxy + 2m3x? + m2miy? + 2l;mymixy
= 212x% + 2m3y? 4+ 22 L,myxy + 5m2x? + m2m3y? + 2L,m?*m,xy
(Bm3 — Zm2)(x? — y?) = 2xy[l1,(lym, — L,my) — mym,(Lym, — [,my)]
(Lymy + Lymy)(lym, — Ibmy) (x2 — y?) = 2xy[(l1l, — mymy)(Lym, — I,my)]
2h(x? — y?) = 2xy(a — b)
= h(x? —y?) =xy(a—b)

2. Theorem 2: Show that the product of perpendiculars from (a, B) to the pair of lines

aa’+2haf +bp?

J(a=b)2+4h?

ax? + 2hxy + by? =0 is

Sol: Let the equation ax? + 2hxy + by? = 0 represents the lines

Then, ax? + 2hxy + by? = (L1x + myy)(LLx + m,y)
= Llx% + (Ium, + Lymy)xy + mym,y?
Comparing on both sides we get

a= ll,, 2h=1lim, +1,my, b =mym,

lla+m1[9

The length of perpendicular from (a, B) to line (1) is ﬁ
12+m?

lza+m2[9

The length of perpendicular from (a, B) line (2) is ﬁ
12+m2

l1a+m1[5’ lza+m2ﬁ'

\/szf \/l§+m§

~ The product of perpendiculars =

_ Ll a?+ 1y myaB+l,miaf+mym, B>

272 472,2372,,2 2,02
\/lllz+llm2+lzm1+m1m2
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1112a2+(llm2+lzm1)aﬁ+m1m2ﬁ2

|\/(lllz—m1m2)2+zll12m1m2+(1112+m1m2)2—lelzmlmz

_ |aa?+2haB+bp?

~ | J(a=b)2+4nz

3. Theorem 3:1f 8 is the angle between the pair of lines represented by ax? + 2hxy +

a+b

2 —
by* = 0 then prove that cosf = Tt

Sol: Let the equation ax? + 2hxy + by? = 0 represents the lines Lx + myy =0, Lx + my,y =0
x2 4+ 2hxy + by? = (l1x + myy)(l,x + myy)
= LLx*+ (ym, + l,m)xy + mym,y?
Comparing on both sides we get
a= ll,, 2h=1lim,+1,my, b=mm,

If 6 is the angle between the pair of lines then,

cosO = [l1lp+mym;| — [lilz+mymy|
JBem? [Bems (BB +EmE+EmE+mEm3
— [lilz+mym,|
Vil —mymy)2+2l lmyma+(ly Ly +mymyp)2 -2l L, mym,
a+b a+b
-.- COSH —_— % —_— —————————
J(a=b)2+(2h)? J(a—b)2+4h?

4. Theorem 4: Show that the area of the triangle formed by the lines ax? + 2hxy + by? = 0

n?vh2—-ab

and lx+my+n=0lsm.

Sol: Let the equation ax? + 2hxy + by? = 0 represents the lines

x2 4+ 2hxy + by? = (lix + myy)(l,x + myy)

= Llx% + (lym, + Lym)xy + mym,y?
Comparing on both sides we get
a= ll,, 2h=1lim, +1,my, b=mym,
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Let the givenline lx + my +n =0 ---—--—-- (3)

Solving eq (1) & (2) we get O(0, 0)

Solving eq (1) & (3) we get A:

x y 1
X y 1 = =
mqn—0 0—nly lym—-Ilmq
min -nl
my 0 I my Sx=—?—y= L
lym—-Ilmq lym—-Ilm,
. _ min -nly _
m n l m --A—( , )—(xl,yl)
lym—=Ilmq " lim—-lm,

x y 1
myn—0 0—nl, lom—Ilm,
myon -nl
m, 0 L, m, Sx=—2=2—,y= 2
lom—Ilm, lom—Ilm,
. D myn -nl, _
m n l m =~ B= ( , ) = (x2,¥2)
lzm—lmz lzm—lmz

=~ Area of AOAB with vertices O(0, 0), A(xy,y1), B(x,,y,) is A= %ley2 — x|

_1 min -nl, myn -nly
2 llm—lml ) lzm—lmz lzm—lmz ) llm—lml
_1 llmznz—lzmlnz _ 1 nz(llmz—lzml)
2 (llm—lml)(lzm—lmz) - 2 11lzmz+lm(llm2+lzm1)+m1m2n2

n?vh2—4ab

" |am2-2nim+b12

n2/(2h)2-4ab

am?2—-2hlm+bl?

2n?vh2-4ab
am?-2hilm+bl?

1l
N | =

1
2

n?vh2—-4ab
am?2-2hlm+bl?

Area of AOAB =

5. Theorem 5: If the Second degree equation S = ax? + 2hxy + by? + 2gx + 2fy + ¢ =0in
the two variables x and y represents a pair of straight lines then now that (i) abc +

2fgh —af? —bg®* —ch?* =0 [(ii) h> = ab, g*> = ac, f> = bc
Sol: Let ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0 represents pair of straight lines.
Lx+my+n, =0-———- (1)
Lx+myy+n,=0 -——-—- (2)

wax? 4+ 2hxy + by? +2gx + 2fy+c = (Lix + myy + ny)(Lx + myy +n,) =0
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= Lilx?+ (Iym, + Lbmy)xy + mymyy? + (n, + Ln)x +

(myn, + myny)y +nyn, =0
Comparing on both sides
a=ULIl,, 2h=Ilm,+1l,m, 29 =1n,+Ln, 2f =mn, +myn,, c =nyn,
Consider,
(2f)(2g)(2h) = (myn, + myny)(lyn, + Lny)(ym, + 1,my)
8fgh = Li,(m?n3 + min) + mym,(ns + 13n?) + nyn,(IPm3 + IZm3) + 2L, l,mym,ynn,

= 1112[(771%"% + mgn%)z - 2m1m2n1n2] + mﬂ”z[(@”% + l%”%)z - 21112711”2] +

nny[(1Zm3 + 13m?)? — 2l lmymynin,]| + 2l l,mym,n n,
=a[(2f)? — 2bc] + b[(2g9)? — 2ac] + c[(2h)? — 2ab] + 2abc
8fgh = 4(af? + bg? + ch? — abc)
abc + 2fgh —af? — bg? —ch? =0
(i) 4h? — 4ab = (2h)? — 4ab = (I;m, + I,m;)? — 4L, l,m;m,
= (I,my, — 1,m)? >0
~4h%? > 4ab = h? > ab

6. Theorem é: If the equation ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0 represents a pair of

parallel lines then prove that (i) h?2 = ab (i) af? = bg? and (iii) the distance between

the parallel lines 2\/92‘_‘“ — 2\/f2—ac

a(a+b) b(a+b)

Sol: Let ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0 represents a pair of parallel lines
Lx+my+n, =0-———- (1)
Lx+myy+n,=0 --——-—- (2)
wax? +2hxy + by +2gx+2fy+c=(Ux+my+n)(x+my+n,) =0
= [2x% 4+ 2lmxy + m?y? + l(n; + ny)x + m(n, + ny)y + nyn,
Comparing on both sides
a=1? 2h=2lm, b=m? 2g=1(n, +n,), 2f =m(n, +n,), ¢ =nyn,
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_ __l(ng+ny) __ m(ny+ny)
=>h=1Im, g9=—5 f——2
(i) h? = (Im)? = I?m?
ab = 1’m? h? = ab

.. 2 _ g2 (m(ng+ny) 2 _ ’m?%(ng+ny)?
(i) af —l( . )— "

= m? (M) = bgz

af2 = bgz
lc1—ca|
(iii) The distance between the parallel line is s
|n1 ny| J((n1+n2)) —4nqn,
Z+m? Va+b
JT)Z““ \/1_2_4C
va+b Va+b
i_‘l-c 2 2—ac
va+b a(a+b)

Similarly we can prove that,

f2-ac

Distance between the parallel lines = 2
b(a+b)

7. Show that the two pair of lines 6x? — 5xy — 6y? = 0 and 6x? —5xy — 6y +x+ 5y —1=10

forms a square.

Sol: 6x% — 5xy — 6y? = 6x2 — 9xy + 4xy — 62
=((3x +2y)(2x — 3y)
Let 6x2 —5xy —6y?+x+5y—1=CBx+2y+1)Q2x—3y+m)
= 6x2—=5xy—6y2+ (Bm+2Dx+ (2m—-3Dy+1Im
3m+2[=1=3m+2l-1=0
2Zm—-3l=5=>2m—-3l-5=0

I ] m _ l 1
m -10-3  -2+15 -9-4
) ] 3 2 m_t_ 1

-13 13 -13
-3 -5 2 -3
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m=11=-1

W 6x2—5xy—6y?+x+5y—1=CBx+2y—-1)2x -3y +1)
The above lines are mutually perpendicular and hence they form a rectangle.

. . . . . 1 1
The distance between pair of opposite lines3x +2y =0,3x+2y—1=0Is NerAmiNee

The distance between 2x — 3y = 0 and 2x —

. 1 — L
Vo+4 V13
=~ the given equation form a square.
8. Prove that the equation 2x2 — 13xy — 7y? + x + 23y — 6 = 0 represents pair of straight
lines. Also find the angle between them and the coordinates of the point of

intersection of the lines.
Sol: Given pair of lines 2x?2 — 13xy — 7y?+ x+ 23y -6 =0

Compare with ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0 then we get

-13 1 23
a= 2b—-7C —6h Tg—;,f-;

If A= 0 then the above equation represents two pair of lines.

Now, A= abc + 2fgh — af? — bf? — ch?

2o 2R - 2+ ol o

2 2

1212
Also, h? —ab = |22 —2(-7) =22 414 =120 =20 5 g 5 2> b

1+48—£>0::>g > ac

and g2 —ac—[] —2(-6)=1+12=

529 529-168 _ 361

and £? — be []—(7)( 6)=2—42= =350 2> he

hence the given equation represents a pair of straight lines.

|a+b|

J(a=b)2+4n?

If 6 is the acute angle between the lines cosd =

|2—7| 5 5 LI COS_l( 1 )
(247)24(-13)2 _ Y81+160 5 10
v Vio Vi V0.
- Point of intersection = [hf_bf,gh_a’; [19 d
ab—h2’ ab—h 15’15
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9. Show that the given equation 2x% — xy — 6y% + 7y — 2 = 0 represents a pair of straight

lines.
Sol: Given pair of lines 2x? —xy —6y? + 7y —2 =0

Compare with ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0 then we get

a=2b=-6c=-2 h=1,g=0, f=1

2

If A= 0 then the above equation represents two pair of lines.

Now, A= abc + 2fgh — af? — bf? — ch?
=2(-6)(-2) +2 | @ [}] - 2 E]Z +6[0]% + 2 E]Z =0
Also, h? — ab = [§]2—2(—6)=§+ 12=2>0=h?>ab

and g2 —ac=[0]>-2(-2)=4>0=>g? > ac

2
and f2 —be =1 —(-6)(-2)=2-12=2>0= 2 > pc

Therefore, h? > ab, g? > ac, f? > bc

Hence the given equation presents a pair of straight lines

10.Show that the equation 3x2 + 7xy + 2y% 4+ 5x + 5y + 2 = 0 represents a pair of straight

lines. Find the point of intersection of the lines.
Sol: Given pair of lines 3x? + 7xy + 2y?2 + 5x + 5y +2 =0

Compare with ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0 then we get
_ _ — _7 a=5 f_3
a=3, b=2 c=2, h—z, g=3 f—2
If A= 0 then the above equation represents two pair of lines.

Now, A= abc + 2fgh — af* — bf? — ch?

3@+ 2Bl - o - [ -2 o

2112

49-24 _
4

2
Also, h* —ab = || -3@2)=2-6= E>0>h?>ab
2 4 4

25-24 _ 1
4 4

3
Ondgz—ac=[§] —3(2)=%—6=
49
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25-16 _ 9

2 2
” —4>0=>f > bc

2
and f2—be =[] —@@=2-4=
Therefore, h? > ab, g > ac, f? > bc

Hence the given equation presents a pair of straight lines

« Point of intersection = [—hf‘bg,gh‘“’;] - [‘_3,‘_1]
ab—h< " ab-h 5°5

MORE QUESTIONS FOR PRACTICE

11.Show that the equation 3x2 — 8xy —3y? =0, 3x% + 8xy — 3y? + 2x —4y — 1 = 0 forms a

square.
HOMOGENISATTION MODEL

12.Find the angle between the lines joining the origin to the points of intersection of the

curve x2+2xy+y?+2x+2y—-5=0and theline3x—y+1=0.

Sol: Given curve x? + 2xy + y2 + 2x +2y = 5=0 - (1) and theline3x —y+1=0

Homogenising equation (1) with (2), we obtain

x2+2xy +y?+2x(1)+2y(1)-5(1)%?=0
> x2+2xy+y2+2x(y—3x)+2y(y —3x) —5(y—3x)2=0
= x2+ 2xy +y? + 2xy — 6x% + 2y%2 — 6xy — 5(y% — 63y + 9x%) = 0
= x2 + 2xy + y? + 2xy — 6x% + 2y? — 6xy — 5y% + 30xy — 45x2 =
= —50x2+28xy — 2y? = 0> 25x%2 — 14xy + y? =0
Compare with ax? + 2hxy + by? = 0 then we geta = 25, 2h=—-14, b =1

If 6 is the acute angle between the pair of lines then

la+b| _ [25+1] _ 26 26 26
J(@=b)2+4nZ"  J(25-1)2+(-14)2 576+196 772 24193

cosO =

" cosh = 2 =0 =cos! [i]
” ~ V193 - V193
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13.Show that the lines joining the origin to the points of intersection of the curve x? —

xy +y%+3x+3y—2=0andline x —y — V2 = 0 are mutually perpendicular.
Sol: Givencurve x2 —xy+y2+3x+3y—2=0 - (1)

Givenlinex—y—ﬁ:0=>x—y=\/§=,%=1 ______ (2)

=
Homogenising equation (1) with (2), we obtain y
x?2—xy+y?+3x(1)+3y(1) —2(1)?2=0 A

N ﬁ(xz—xy+y2)+3X(x:/3%)+3y(x—y)—\/§(x—y)2 —0 B

N V2x2—\2xy+V2y%+3x2-3xy—-3y2+3xy—V2 x2—2y%+2\2xy
V2

XV}

@)

= 3x% +V2xy—3y2=0

Comparing with ax? + 2hxy + by? = 0 thenwe geta =3, b = -3
Clearlya+b=3-3=0

~ The lines 04, OB are perpendicular.

14. Find the value of K, if the lines joining the origin to the points of intersection of the

2x? = 2xy + 3y%+ 2x —y — 1 =0 and the line x + 2y = Kare mutually perpendicular.

Sol: Given curve 2x%2 — 2xy + 3y? +2x —y—1=0 -——-- (1)
Givenline x +2y =K =22 = 1 (2)
Homogenising equation (1) with (2), we obtain Ya
2x% =2xy+3y?+2x(1) —y(1) - 1(1D?*=0 A

:>2x2—2xy+3y2+2x(x+2y)—y(w)—(w)2=0

K K K

v

K2(2x2%2-2xy+3y2)+2Kx(x+2y)—Ky (x+2y)—(x2+4y%+4x
_, K¥( y+3y?)+2Kx( Kyz) yOct2y)-(x2+ay?taxy) _ 0O X

2K2x2-2K2xy+3K%y2+2Kx%+4Kxy—Kxy—2Ky?—x2—4y?—4xy
K2 -

0

= (2K?+ 2K — 1)x?> 4+ (—2K? + 3K —4)xy + (3K? — 2K —4)y* =0
Compare with ax? + 2hxy + by? = 0 then we get
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a=2K*+2K—-1, b=3K*—-2K -4

The lines are perpendicular So, a+ b =0
>2K?+2K—-1+3K?—-2K—-4=0>5K?-5=0
>5K?=5=>K?=1=>K=+1

15.Show that the lines joining the origin to the points of intersection of the curve 7x2 —

4xy + 8y? + 2x — 4y — 8 = 0 with the line 3x — y = 2 are mutually perpendicular.

Sol: Given curve 7x? —4xy + 8y2 + 2x — 4y — 8 = 0 - (1)

Givenline 3x —y =222 =1 (2) y
Homogenising equation (1) with (2), we obtain A
7x% —4xy + 8y? + 2x(1) —4y(1) — 8(1)2 =0 B
3x—y 3x-y 3x—y 2 _ —>
-7t - any iyt 420 (52) -y (52) -8 (52) =0 x

= 7x% —4xy + 8y? + 2x(3x —y) — 2y(3x — y) — 2(9x? — 6xy + y?)
= 7x%2 —4xy + 8y? + 3x2 —xy — 6xy + 2y? — 18x2 — 2y2 + 12xy =0
= —8x24+xy+8y?=0=>8x2—xy—8y2=0

Compare with ax? + 2hxy + by? = 0 thenwe geta =8, b = -8
Clearlya+b=8-8=0

~ The lines 04, OB are mutually perpendicular.

16.Find the angle between the pair of lines represented by the equation x? — 7xy +

12y%2 =0
Sol: Given pair of lines x? — 7xy + 12y =0
Compare with ax? — 2hxy + by? =0we geta=1, 2h=-7,b =12

Let 8 be the angle between the pair of lines

la+b| _ [1+12] 13 13
J@-b)2+2h)?" JA-12)2+(-7)2  V121+49 V170

cosO =

. cosh = = =0 = cos! [i]
” T V170 - V170
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17.Write drawn the equations of the pair of straight lines joining the origin to the points of

intersection of the line 6x — y + 8 = 0 with the pair of straight lines 3x% + 4xy — 4y? —
11x + 2y + 6 = 0. Show that the lines so obtained make equal angles with the

coordinate axes.

Sol: Given curve 3x%2 + 4xy — 4y? —11x + 2y + 6 = 0 - (1)

Givenline6x—y+8=O=>y—6x=8=>y‘86x=1 ______ (2)

Homogenising equation (1) with (2), we obtain

3x2 +4xy —4y? —11x(1) — 2y(1) + 6(1)2 =0

= 3x% + 4ay — 4y? — 11x ( 2F) — 2y (%) + 6 (y‘g‘"”c)2 =0

= 32(3x% + 4xy —4y?) + 42y — 11x)(y —6x) + 3(y — 6x)2 =0

= 96x2 + 128xy — 128y?% + 8y? — 92xy + 264x2? + 3y? — 36xy + 108x2 = 0
= 468x2 —117y2 =0>4x?> —y2 =0

Equation of the pair of angle bisector of 4x2 —y2 =0'is
0x2—y2)—(4+Dxy=0=>=xy =0

~ The lines represented by 4x? — y? = 0 are equally inclined the coordinate axes.

18.Find the condition for the chord Ix + my = 1 of the circle x? + y2 = a? (whose centre is

the origin) to subtend a right angle at the origin.
Sol: Given circle x% + y? = a? - (1)
Givenline lx + my = 1 - (2)
Homogenising equation (1) with (2), we obtain ‘
x?+y2=a?(1)? > x?+y? = a?(lx + my)? »
= x% 4+ y? = a?(I?m? + m?y? + 2lxmy)
= a?l?x? + a’*m?y? + 2a%lxmy — x? — y? =
= (a?l? — 1)x? + 2a?lmxy + (a®>m? — 1)y? =
Compare with Ax? + 2Hxy + By? =0
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Thenwe get A =a?l? -1, H=a%lm, B =a*m? -1

Since the lines are right angle at the origin, we have A+ B =0
>a?l’—1+a’m?-1=0
>a?l’+a’m?-2=0 2a?(?+m?») =2

19.Find the condition for the lines joining the origin to the points of intersection of the

circle x? + y? = a? and the line Ix + my = 1to coincide.
Sol: Given circle x? + y? = a? - (1)
Givenline lx + my =1 - (2)
Homogenising equation (1) with (2), we obtain
x2+y2=a%(1)? > x? + y? = a?(Ix + my)?
= x2 4+ y? = a?(I*m? + m?y? 4+ 2lxmy)
= a?l?x? + a’m?y? + 2a’lxmy — x> —y?2 =0
= (a?1? — 1)x? + 2a%lmxy + (a®>m? = 1)y? =0
Compare with Ax? + 2Hxy + By? =0
Thenwe getA =a?l? -1, H=a?lm, B =a*m? -1
Since the lines are right angle at the origin, we have A+ B =0
>a?l’?-1+a’m?-1=0

>a?l’+a’m?-2=0 =2a?(’+m?») =2
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LEVEL - 2 (7 Marks)

1. Show that the product of the perpendicular distance from the origin to the pair of

<l

. . 2 2 — i —
straight lines represented by ax* + 2hxy + by* + 2gx + 2fy +c=101s N

Sol: Let ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0 represents the pair of lines
Lx+my+n; =0-———- (1)
Lx+myy+n, =0 - (2)
~ Ll =a, ljm, +1l,m; =2h, mym, =b, nn, =c
The length of perpendicular from (0, 0) to the line (1)

_ 1L @+my (0+ny| _  Inyl

/l%+m% /l%+m%

The length of perpendicular from (0, 0) to the line (2)

_1(0)+m,(0)+n,| — Inyl
/l§+m§ /l§+m§

=~ Product of perpendicular =

[n4| [n;|

X
ngmg ngmg

Inyn,| _ Inyn,|
VU112 +(Uymy +1my )2 =21 lymymy +(my +my)?

BB Emem g mim3

— lel — lel
Ja2+ (2h)2-2ab+b%2  \/(a—b)2+4h2

2. If the point of intersection of the pair of lines ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0 and
hence deduce that abc + 2fgh — af? — bf? — ch? from above.

Sol: Given pair of lines ax? + 2hxy + by? + 2gx+ 2fy + ¢ =0

Let P(x4,y,) be the point of intersection of the pair of lines shifting the origin to P(x,,y;)
by translation of axes, the equation changes to.

alx+x)?+2h(x+x)(y+y) +b(y+y)*+29(x+x)+2f(y+y,)+c=0
= a(x? + x? + 2xx;) + 2h(xy + xy, + X,y + x,¥1) + b(y? + y2 + 2yy,) + 2gx + 2gx;, + 2fy + 2fy, +c =0
= (ax? 4+ 2hxy + by?) + 2(ax; + hy, + g)x + 2(hx, + by, + f)y +

(ax? + 2hx,y; + by + 2gx, + 2fy; +¢c) =0

This equation represents pair of lines passing through origin when

ax; +hy; + g =0 -—- (1) and hxy + by; + f = 0 ——-- (2)
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Solving (1) & (2)
X1 _ )N — 1
x y ] = hf-bg  hf-bg  ab—h?2
h g a h
b f h b
_ hf-bg _ gh—af
X T e V1T gz

~ Point of intersection (x;,y;) = [hf_bg gh_af]

ab-h2’ ab-h2
We have, ax? + 2hx,y; + 2gx, + 2fy; +¢c =0
= (axq + by, + g)x1 + (nx; + by, + fly; + (gx1 + fy; +¢) =0

= (0)x+ )y + (gx1+fy; +c) =0

hf-bg gh-af
-h2’ ab-h

But, point of intersection [
st sl +e=o

= g(hf —bg) + f(gh—af) + c(ab—h?) =0

] satisfies (gxy + fy, +¢) =0

= ghf —bg? + ghf —af? +abc—ch? =0
= abc+ 2fgh—af?—bg?—ch? =0

3. Find the centroid and area of the triangle formed by the lines 3x% — 4xy + y? = 0 and

2x —y =6.

Sol: Givenlines are 3x? —4xy +y?2 =0
=>3x2—4xy+y2=0=>3x2—-3xy—xy+y2=0
=2>3x(x-y)—yx-y)=0=>x—-y)Bx—y)=0
>5x—y=0-—-(1) 3x—y=0 ——- (2)

Solving (1) & (2), we get O(0, 0)
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Solving (2) & (3) we get A

y 1

x y ] = a - 0+18 - —-3+2
-1 0 3 -1 »i=2=2
-1 -6 2 -1 =>x=-6 y=-—18
=~ Point of intersection A(-6, -18)
Solving (3) & (1) we get B
-1 -6 2 -1 =>_16=_L6=_i1
-1 0 1 -1 >x=6, y=6

~ Point of intersection B(6, 6)

-~ Centroid of AOAB = [0_:+6,°_138+6] = [2_712] =(0,4)

Area of AOAB == |x,y, — xy:| = 21(=6)(6) — 6(~18)|

|-36 + 108| = §|72| = 36 sq. units

1
N |-

4. Find the centroid and area of the triangle formed by the lines 2y? — xy — 6x? = 0 and
x+y+4=0.

Sol: Given lines are 2y? — xy — 6x2 = 0 -——--- (1J)ondx+y+4=0--- (2)
2)=y=-(x+y)
(M) =22x+y) +x(x+4)—6x2=0=>2(x*+16+8x) +x2+4x—6x%2 =0
= 2x2+32+16x+x*+4x—6x2=0=>—-3x2+20x+32=0
>3x2—-20x—32=0=>3x>—24x+4x—-32=0

-4

=2>3x(x—8)+4(x—8)=0=>(x—-8)Bx+4)=0=>x =8, .
x=8=>y=—08+4)=>y=-12

~ Point of intersection A(8, -12)
4 4 -8
x=—imy=-|-5+4 =3

~ Another point of intersection B[—%,%S]
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Also the pair of line 2y? — xy — 6x2 = 0 intersect at O(0, 0)

4 8
0+8—3 0—12—51 . [24—4 —36—8] _[20 —44]
== =

~. Centroid of AOAB= l , ,
3 3 9 9 9

Area of AOAB =1 [x,y; — x| =2 |8 (—g) - (—g) (—12)|

1 64 1
4214 -
2 3 2

—64—48 112 56 .
| = — = — Q. units
3 6 3

5. Find the centroid of the triangle formed by 12x% — 20xy + 7y?2 =0 and 2x — 3y + 4 = 0.
Sol: Given pair of linesis 12x% — 20xy + 7y2 = 0 - (1)
and 2x —3y+4=0-—-—-—- (2)

(2) > 2x=3y—4

(1) = 12x2 = 20xy + 7y? = 0 = 3(2x)? — 10y(2x) + 7y? =0

=3By —4)2-10y(3y —4) +7y> =0>3(9y? + 16 — 24y) — 30y%2 + 40y + 7y*> =0

= 27y%2 —48 — 72y — 30y? + 40y + 7y%2 =0

=4y2 —32y+48=0=y2—-8y+12=0=>(y—2)(y=6)=0 =2y =2,6

~(2)=22x=32)—4=>x=1and2x=3(6)—4 >x=7

~ The point of intersections are A(1, 2) and B(7, 6) and O(0, 0)

0+1+7 0+2+6] _ [8 8]

~ Centroid of AOAB is , =
3 3 3°3

6. If the equation mx? — 10xy + 12y% + 5x — 16y — 3 = 0 represents a pair of straight lines,
find ‘m’ and also find the angle and point of intersection for this value of ‘m’.

Sol: Given pair of lines mx? — 10xy + 12y? + 5x — 16y —3 =0
Compare with ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0 then we get
a=m, b=12, c=-3, h = -5, g=§,f=—8

If A= 0 then the above equation represents two pair of lines
Now, A = abc + 2fgh — af? — bg? — ch?* =0

2
= m(12)(-3) + 2(-8) (3) (=5) —m(-8)? — 12(Z) +3(-5)? =0
= -36m+200—64m—-75+75=0

= 100m=200>m =2 hencea=2

If 6 is the acute angle between the lines then
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la+b| 14 14 7
cosf = L= = ==,
J(a-b)2+4h2 V100+100 /200 /50

__7 _ -1(_7_
cos@—mﬁe—cos [\/ﬁ]

. Point of intersection = [hf;b“‘z’ M] = —10,—Z]
ab—h ab—h 2

7. Theorem 7 : If (a, B) is the centroid of the triangle formed ax? + 2hxy + by? = 0 and the

. _ @« __F _ 2
line Ix + my = 1, then prove that bl—hm . am—nl _ 3@m?—zhim+bi%)’

Sol: Let the equation ax? + 2hxy + by? = 0 represents the lines

x2 + 2hxy + by? = (l1x + myy)(,x + myy)

= Lilx% + (Iym, + lymy)xy + mym,y?
Comparing on both sides we get
a= ll,, 2h=1lim, +1,my, b =mym,
Let the givenline lx + my —1 =0 - (3)
Solving eq (1) & (2) we get O(0, 0) = (x4, y,)

Solving eq (1) & (3) we get A:

X 1 x y 1
y —m1—0 0;11 llm—lml
-my I
m 0 l m =>x = LY =
1 1 1 llm—lml y llm—lml
. _ —my 1y _
m | l m .-A—( ——,— )—(xz,yz)
llm lm1 llm lml

Similarly solving (2) & (3) we get (B) «~ B = ( e 2 ) = (x3,73)

lzm—lmz ’ lzm—lmz

Centroid of AOAB : (a, ) = (x1+x2+x3,y1+y2+y3)

3 3

04—, u o4——M2 L
— ( ' llm—lml ' llm—lml Ilzm—lmz ) lzm—lm2>

3 ! 3
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.-.a—l[ T T ]ondﬁzl[ i g2 ]

- 3 llm—lml lzm—lmz 3 llm—lml lzm—lmz

'—ml(lzm—lmz)—mz(llm—lml)] _1 [ll(lzm—lm2)¢(llm—lm1)]
(llm—lml)(lzm—lmz) Ond ﬁ - 3 (llm—lml)(lzm—lmz)

U

)

Il
w =

[ —l,mim+Imimy—lymym+imim 1 Lil,m=llymy+l;l,m-1l,m
2mq 1Mmz—=lim, 12]ond[3’=—[ 1lz 1ma+lil; 2my ]

_lllzmz—lllmmz—llzmm1+m1mzlz 3 lllzmz—lllmmz—llzmm1+m1m212

U

)

Il
w =

2mymyl—(lymy+Il,my)m 1 2L ,m—(limy+l,my)l
1mal=(lymy+lmy) ]ondﬁ=[ 1l2 (Iyma+lymy) ]

_lllzmz—(llm2+l2m1)lm+m1m212 3 lllzmz—(llm2+lzm1)lm+m1m212

U

)

Il
w =

2bl—-2hm ] ﬁ _1[ 2am—2hl ]
lam2—2hnim+bi2]’ 3 lam2-2him+bi2

a _ 2 B 2

bl-hm _ 3(am2-2hlm+bi2)’ am-hl  3(am2-2hlm+bi2)

a _ B 2

“ bl-hm ~ am—hl _ 3(am2-2him+bl2)

8. Show that lines represented by (Ix + my)? — 3(mx — ly)? = 0 and Ix + my + n = 0 form

le

an equilateral tfriangle with area B 0(0, 0)
Sol: Given pair of lines are (Ix + my)? — 3(mx — ly)? = 0
= (lx + my)? — [V3(mx — ly)]2 =0
= [lx +my +V3(mx — ly)][lx + my —V3(mx — ly)] A x+my+n=0 B

= (I +V3m)x+(m—+V3l)y=0-——- (1) and (I = v3m)x + (m +V3l)y = 0 —

Also given anotherline lx + my +n = 0 --—-—- (3)

If Ais the angle between (1) & (3) then

(1+V3m)1+(m—V3l)m _ 2 +v3Im+m?—V3im
J(+\/§m)2+(m_\/§l)zm 1243m2+2y3lm+m2+312—2+3lmViZ+m?

CosA =

12+m? 124m? 1 1
=———=-  ~cosB=>=B=60°
412 +4m2\V12+m2  2(1*+m?) 2 2

Also the lines (1), (2), (3) intersects pair wise so, angle between (1) & (2) is
1800 — (6090 + 60°) = 60°
~ AOAB is equilateral

Let ‘A’ be the altifude through O(0, 0) to the line Ix + my + n = 0 then
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= WOQm©+nl _ _n]
VErmZ | VZ+m?

_ h2 . hZ
~ Area of AOAB = NN )

9. Show that the pairs of lines y2 —4y + 3 =0, x2 + 4xy + 4y? + 5x + 10y + 4 = 0 form a

parallelogram. Also find the length of its sides.
Sol: Given equationis x? + 4xy + 4y? + 5x + 10y +4 =0

> (x+2y)2+5x+10y+4=0 D/ /C

Take x? + 4xy + 4y? + 5x + 10y +4 =0

=(x+2y+Dx+2y+m)

=x2+4xy+ 4y + (I +m)x + 2L + 2m)y + Im A /B
Comparing on the sides we get
l+m=5 Im=4 =>m=%

=>l+?=5=> ZZTM:S
=>1244=5l=>1?-5l+4=0=>(U-1)1-4)=0
Taokel=1=>m=4

~Thelinesarex +2y+1 =0 --—-- (1) andx+2y+4=0 --———-- (2)

Also, y2—4y+3=0=> @y -3)(y—-1)=0

The lines (1) and (2) are parallel, and (3) & (4) are parallel
~ The given lines form a parallelogram
Solving (1) & (3)we get (1)=x+2B)+1=0=>x=-7
~A=(-7,3)
Solving (1) & (4)we get (2) 2 x+2(1)+1=0 =>x=-3

2B=(31)
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Solving (2) & (4)we get (1) =2 x+2(1)+4=0>x=—-6
~ AC = (-7, 3)

Solving (2) & (3)we get (2) = x+2(3B)+4=0 =2x=-10
~D=(-10, 3)

Length of the sides

BC=,(-6+3)2+(1—-1)2=3

AB=.(=7+3)2+B-1)2=V16+4=v20=2V5
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CHAPTER 5 : 3D COORDINATES

KEY POINTS

Distance between O(0, 0, 0), P(x, y, z) is OP =/x% + y? + z2

> Distance between A(xy,y,,2,), B(xy,¥2,2;) is AB=/(x; — x1)%2 + (y; — y1)? + (25 — 71)?

> If a point P divides the line segment joining A(xy,y1,21), B(xy,y,,2,) in the ratiom : n

internally then

mx, + nx, my, +ny, mz, + nzl]
m+n '~ m+n ' m+n

The ratio in which the point P(x,,y, z) divides the line segment joining A(xy, v1, 21).

B(x1,¥2,2,) is

x1—x:x—x (Of) yy—y:iy—y;(Or) z3—z:z—2

The line segment joining (x4, y1,2;) and (x4, y,,z,) is divided by

i) yz-plane in the ratio —x; : x,

i) zx — plane in the ratio —y; : v,

i) xy — plane in the ratio —z, : z,

Three points A(xy,y1,21). B(x1,¥,,2,), C(x3,v3,23) are collinear then

X1 Y1 Z
X2 Y2 2y
X3 Y3 Z3

Centroid of AABC with vertices A(xy, vy, 21), B(x1,V3,2;), C(x3,3,23) is

X1 t+x,+x + + Z1+z,+2z
G=[1 32 3+)’1 );2 Y3_I_ 1 32 3],

Centroid of the tetrahedron with vertices A(xy, v1,2,), B(x1,V5,2,). C(x3,V3,23),

(i) AB + BC = AC (OR) i)

D (x4, Va4, Xx4) IS
X1+ X, + X3+ X, Y1+ Vo + V3 + Ve 20+ 2+ 23+ 2,
G:[ 4 ‘ 4 ’ 4 ]
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LEVEL 1 (2Marks)

1. Find x, if the distance between (5, -1, 7) and (x, 5, 1) is 9 units.

Sol:Let A (5,-1,7) and B(x, 5, 1)

Now AB = \/(xz —x1)2+ (2 —y1)? + (2, — 7)?

=J(x=52+G+12+(1-7)2

=J(x—5)2+36+36=,/(x —5)2+72
But AB =9 = AB2= 8]
=> (x—5)2+72=281
=>(x—5)2=9 2x—-5=43
=>x=3+4+5 (or) x=-3+5
~x=28,2
2. Show that the points (1, 2, 3), (2, 3, 1), (3. 1, 2) form an equilateral triangle.

Sol: Let the given pointsare A (1,2, 3),B (2,3, 1), C(3, 1, 2) A

AB =,/2-12+(B-22+(1-3)2=VI+1+4=6

BC=J3B3-22+(1-32+Q2-12=VI+4+1 =6

CA=/B-12+(1-22+(2-32=Vd+1+1 =6 B C
Clearly AB=BC = AC
Hence, given points form an equilateral triangle.

3. Show that the points (2, 3, 5), (-1, 5,-1) and (4, -3, 2) form a right angles isosceles

triangle.

Sol: Let A (2,3,5),B (-1,5,-1), C (4, -3, 2) B

AB =/2+12+(B-52+(B+1)2=V9+4+36=+7

BC=y(-1-4)2+(5+3)2+(-1-2)2=v25+64+9 =72

CA=(4—-2)24+(-3-3)2+(2-5)2=V4+36+9 =49=7 A C
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AB = CA and AB2 + AC2=49 + 49 = 98 = BC2

~ AABC is a right angled isosceles friangle.

4. Show that ABCD is a square where A, B, C, D are the points (0, 4, 1), (2, 3. -1), (4, 5, 0)
and (2, 6, 2) respectively.

Sol: Let

AB =/(0-2)2+(4-3)2+(1+1)2=V4+1+4=3 D C

BC=,/(2-4)2+(B-52+(-1-02=vV4+4+1 =3

CD={/B-12+(1-22+(2-3)2=Vd+1+1 =6

DA =J/(2-02+(6-4)2+2-1)2=V4+4+1=V6 A B

AC={(4-02+(5B-42+0-1)2=V16+1+1 =18

BD=/(2-22+B-6)2+(-1-2)2=/0+9+9 =18

Clearly AB=BC =CD =DA and AC =BD
~ A, B, C, D forms a square.

5. Show that the points (1, 2, 3), 7,0, 1), (-2, 3, 4) are collinear.

Sol:Let A (1,2,3),B(7,0, 1), C(-2, 3, 4)
D.r's of AB are C
(7-1,0-2,1-3)=(6,-2,-2) =-2(-3, 1, 1) B
D.r's are AC are A
(-2-1,3-2,4-3)=(-3,1,1)
Clearly the d.r's of AB and AC are proportional.
So, given points are collinear.

6. Find the ratio in which yz — plane divides the lines joining A(2, 4, 5) and B(3, 5, -4). Also

fin the point of intersection.
Sol: The ratio in which yz-plane divides the line joining A(xy, ¥1,21), B(xy, Y2, 25) is
Xy xy; =-2:3

Point of intersection: Let
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A(2.4,5) = AGey,y1,2), B(3. 5, 4) = B(x1, ¥, 2,)

The point which divides 4B in the ratio -2 : 3 is [m’;zl”xl,myﬁ"yl m22+"21]

+n m+n ' m+n

_[(=2)(3)+3(2) (-2)(5)+3(4) (-2)(-4)+3(5)] _ [-6+6 —10+12 8+15] _
_[ 243 ' 243 ' —243 ]_[1 S 1]_[0’2’23]
7. Find the ratio in which xz-plane divides the line joining A(-2, 3, 4) and B(1, 2, 3).
Sol: Given that A(-2, 3, 4) and B(1, 2, 3)
The ratio in which xz-plane divides the line joining

A(x1,¥1,21), B(X1,Y2,2,) 1S =Yy y, =-3:2

8. Find the centroid of the triangle with vertices A(5, 4, 6), B(1, -1, 3), C(4, 3. 2).

Sol: Centroid of AABC [’“”32”3 U *3*]

_|5+1+4 4-1+3 6+3+2 10 11
- ) ) =17 2;_
3 3 3 3 3

9. In AABC, the centroid is the origin and the vertices of A,Bare (1,1, 1) and (-2, 4, 1)

respectively, then find C.

Sol: Given that A(1, 1, 1), B(-2, 4, 1) and take C(x, v, z)

Centroid of AABC = [1—2+x’ 1+4+y, 1+1+z] c
Given that ["313’7*5% — (0,0,0)
> =02x-1=0=>x=1 A B
y+5

:%:0:>2+2:O:>z=—2

=~ third vertex C(x,y,z) = (1, -5, -2)
10.Find the centroid of tetrahedron vertices are (2, 3, -4), (-3, 3,-2), (-1, 4, 2), (3. 5, 1).
Sol: Let A (2,3,-4),B (-3,3,-2),C (-1,4,2),D (3,5, 1)

Centroid of the tetrahedron ABCD is

_ [X1+XZ+X3+X4 Y1+Yy2+Yy3+Yya Z1+Z2+Z3+Z4_]

4 ! 4 ! 4
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[2—3—1+3 3+3+4+5 —4i2+2+1]

4 ’ 4 ’ 4
_[1 15 -3
4’ 4’ 4

11.1f (3, 2,-1), (4,1, 1) and (6, 2, 5) are three vertices and (4, 2, 2) is the centroid of a

tetrahedron. Find the fourth vertex.
Sol: Given A(3,2,-1),B(4,1,1,), C(é, 2, 5)

Let D(x,y,z)
Centroid of the tetrahedron ABCD is A

)

- [X1+XZ+X3+X4 Y1+Y2+Yy3+Yya Zl+Zz+Z3+Z4]
4 ’ 4 4

_ [3+4+6+x 2+1+2+4y —1+1+5+z]

4 ! 4 ! 4
but [, 522 52— (4,2,2) [given] B C
4 4 4
13+x

=4=13+x =16 =2 x =3,

> —255+y=82y=3,

:¥=2:5+z=8:>z=3

~ Fourth vertex D(3, 3, 3)

12.Fin the fourth vertex of the parallelogram whose consecutive vertices are (2, 4, -1),

(3, 6,-1)and (4, 5, 1).

Sol: (2,4,-1), (3,6,-1)and (4, 5, 1) are the consecutive vertices of a parallelogram,

then the fourth vertex of the parallelogram

= (X + X3 =X, Y1 + V3 — V2,21 + 23 — Z3)

=(2+4-3,4+5-6,-1+1+1)=(3,3,1)
MORE QUESTIONS FOR PRACTICE
. Find the distance between the points (3, 4, -2), (1,0, 7).
Show that the points A(-4, 9, 6), B(-1, 6, 6) and C(0, 7, 10) form a right angled triangle.

Show that the points A(3, -2, 4), B(1, 1, 1) and C(-1, 4, -2) are collinear.
Show that the points (5, 4, 2), (6, 2,-1) and (8, -2, -7) are collinear.

—_—

A LD
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6. DIRECTIONCOSINES AND DIRECTION RATIOS

Direction Cosines of a line: If a ray makes angles a, B, Y with the three coordinate axes then (cos a, cos
B, cos Y) are called direction cosines (d.c’s) denoted by (I, m, n).
If (I, m,n) are direction cosines of line then [ + m? + n? = 1.

The d.r.’s of the line joining A(xy, ¥1, 21), B(x3, V5, 2,) are (X, — X1, V5 — V1,23 — Z1).

—X1 Y2—Y1 Z2 —21]

The d.c’s of the line joining A(x4,¥1,21), B(x3,¥,,2,) are + [xzz T
Direction Ratios of a line: An ordered triple of numbers which are proportional to the d.c.’s of a line, is

called the Direction Ratios(D.r’s) of a line.

If (a, b, ¢) are direction ratios, (I, m,n) are direction cosines of a lines then a: b: ¢ = l: m: n..

a b c ]

The d.c.’s of the line whose d.r's are (a, b, ¢) are + [
( ) — WWa2+b2+c2’ Vaz+b2+c2’ Va2 +b2+c?

If 6 is the acute angle between the lines whose direction ratios are (a4, by, ¢;), (a,, b,, c;) then

la;a,+byby+cqcsl

cosf =
Jaz+vivet azengect

Two lines having d.r’s (a4, by, ¢1), (a,, by, ¢;) are

. aq b1 Cq
i) Parallele —= — = —
a b, C2

ii) Perpendicular & aja+biba+cic;=0
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LEVEL-1

1. Find the distance between the midpoint of the line segment AB and the point (3, -1, 2)
where A= (6,3, -4) and B= (-2, -1, 2).

Sol: Midpoint of AB

:[gjﬂ, ﬂ]:(z,],-])

2 2

~ Distance between (3,-1,2)and (2, 1,-1) is

=JB-22 + (-1-12 +2+1)2 =+V1+4+9
= /14 Units

2. If the point (1, 2, 3) is changed to the point (2, 3, 1) through translation of axes, find the new
origin.

Sol: Let (X, Y, Z) be the new coordinates of (x,y, z)
Given that (x,y,z) = (1,2, 3)and (X, Y, Z) = (2,3, 1)
Let (h, k, 1) be the new origin

x=X+h y=Y+k z=7Z+1
>h=x-X >k=y-Y >l=z—-17
>h=1-2 >k=2-3 >1=3-1
>h=-1 =>k=-1 >1=

~ (-1, 1,2) is the new origin)

3. Aline makes angles 90 °, 60 ° and 30 ° with the positive direction of x. y, z axes respectively.
Find the direction cosines.

Sol: d.c’s of the ray are

3)

(c0s90°, cos60°, cos30°) = 0,2,
2’ 2

4. Aray makes angles % % with 0X and 0Y axis respectively. Find the angle made by it with
0Z.

Sol: Let the angle made by the ray with 0Z be ¥

Vs s
= coszg + coszg + cos?y =1

> 2 4+ 14 cos?y=1
4 4

L
V2

= y=, or -
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5. If aline makes angles of a, B, y with the positive direction of x, y, z axes. What is the value of
sinZa +sin2 B +sin?r ¢

Sol: If aline makes angle of a, B, Y with the positive direction of x, y, z axes then
cos?2a+cos? B+cos?y =1

= 1-sin2a+1-sin2 B+ 1-sin?2r=1
=>3-(sin2a+sin2 B+sin?2y ) =1
= sin2a +sin2 B +sin?2y =2

6. IfP(V3 ,1,2+/3 )is apointin space find direction cosines of OP .

Sol: d.r's of 0P are (V3, 1, 2v3)

~d.c'sare OP are

+ V3~ 1 2V3~
\/(\/3_)2+12+(2\/3_)2 \/(\/3_)2+12+(2\/3_)2 \/(\/3_)2+12+(2\/3_)2

=% [\/3;/3:12 ! \/3+1+12 ! \/324:/512]

e[, L 2] oy [E 1 2]
Vvie ' V16 ' Vié 4 ' 4 4

=+[£ 1 E]

“la 2’ 2

7. Find the d.c.’s of the line joining points (4, -7, 3) and (6, -5, 2)
Sol: Let A(4,-7,3) , B (6,-5, 2)
d.r'sof AB are
(6-4, -5+7,2-3) =(2,2,-1)

~d.c.'sof AB are

e e B3

Va+a+1 | JA+a+1 ' Vata+l 3’37’ 3
8. Find the direction cosines of the line joining the points (-4, 1, 7) , (2, -3, 2).
Sol: Let A(-4,1,7), B(2, -3, 2)
d.r's of AB are
= (6-4, -5+7,2-3) =(2,2,-1)
~d.c.'sof AB are (2+4,-3-1,2-7)

= (6,-4,-5) = (-6, 4, 5)

_ [ -6 4 5 ]
V36+16+25 ’ V36+16+25 ' 36+16+25

6 4 5
[\/ﬁ’\/ﬁ’\/ﬁ]
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9. Find the d.c.’s of a line that makes equal angles with the axes.

Sol: Let a be the angle made by a line with x — axis then d.c.’s of the line are (cos a, cos a, cos Q)

But cos?2a + cos2a+cos?2a =1

1 1
=>3cos2a=1 > cos2a=- = cosa= +—
3 V3
d.c.’s of the line are J_r[i L i]
V3’ V3 ' V3

10. If the d.c.'s of a line are E , % , %] then find ‘c’.

Sol: If (I, m,n) are the d.c.'s of aline then
|2+m2+n2:'| ﬁi_}_ i_}_ i:

= 2=1 = =3 => c=+V3

C2
11. Find the angle between the lines whose direction ratios are (1, 1, 2) , ( V3.3, 0)
Sol: If'6" be the angle between the given lines

[1(V3)+ 1(=V3)+ 2(0)|
VER TR (V374 (VB 02

cosf =

_ |13=v3+ol _
= TR = cosf =0

= 6 =90°
12. O'is the origin, P (2, 3, 4) and Q (1, k, 1) are points such that OP L 0Q , then find ‘k’.
Sol: Dur’sof 0Q =(1,k, 1),DrofOP =(2,3,4)
Since OP L OQ = 3(1) +3(k) +4(1) =0
= 2+3k+4=0 = 3k+6=0
= k=-2
13. Show that the points (4,7,8) , (2,3, 4) ., (-1,-2, 1), (1, 2, 5) are vertices of a parallelogram.
Sol: Let the points are A(4,7,8),B(2,3,4),C (-1,-2,1),D(1, 2, 5)

Mid |ooir1’rofAC:[%,E E] D C

2 2

_[3 5 9]
2’272

~ Mid point of AC = Midpoint of BD

= Given points from a parallelogram. A B

More Questions for Practice.

14. The direction ratios of a line are (-6, 2, 3). Find its direction cosines.
15.1f the d.c.’s of a line are proportional to (1, -2, 1) find its d.c.’s.
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LEVEL - 1 (7 Marks)

1. Find angle between the lines whose direction cosines safisfy the equations I+ m+n =0, [2 +
m?>—n?=0

2) 2(-m-n)?+m?-n?2=0 >m?+n’+2mn+m?-n?=0
=>2m?+2mn=0=2m(m+n) =0

m=0 m+n=0

Case (i):If m=0 Case (i):lfm+n=0=>m=—-n
(1)=1l=-0-n (1)=l==(-n)—-n
=>l=-n =[=0
~lmin=-n:0:n ~lmin=0: —n:n
=-1:0:1 =0: -1:1
~ D.r'sof thelines are (-1,0, 1), (0, -1, 1)

If 6 is the acute angle between (1) & (2) then

[(=1)(0)+0(-1)+1(1)|

cosf =
N N e
= 1 —_—
VZaZ T 2
cosf = %:9: 60°

2. Find the angle between the lines whose direction cosines are given by the relations 3] + m + 5n = 0,
6mn — 2nl + 5im = 0.

Sol: Given3l+m+5n=0 > m=-3l—-5n -——-- (1)
And émn —2nl+5im =0 - (2)
(2) = 6n(—31—5n) — 2nl +51(—3l—5n) =0
= —18nl — 30n% — 2nl — 151> — 25In =0
= —1512 —45nl —30n* =0 = [+ 3ln+ 2n? =
S>P+2n+n+2n2=0=31(0+2n)+n(l+2n) =0
=>{U+2n)(l+n)=0

Case (ijl+2n=0=>1=-2n Case (i) l[+n=0=>1=-n
(1) >m=-3(-2n)—-5n=n (1) > m=-3(—n) —5n=-2n
~lmin=-2n:nn ~lmin=-n—2nin
=-2:1:1 =-1:-2:1
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~dr'softhelinesare (-2, 1, 1), (-1,-2, 1)

If 8 is the acute angle between (1) & (2) then
[(=2)(=D+1(=2)+1(1)|

J(—2)2+12+12 (—1)2+(-2)%+12

2241 _ 1

V6.6 6

cosl =

1 _ 1
cosf = g=>6=cos 1[g]

TSWREIS

3. Find the direction cosines of two lines which are connected by the relations I + m +

n=0and mn—2nl—2lm = 0.
Sol: Givenl+m+n=0 =2 1l=—-m—-n --—--

And mn —2nl—2lm =0 - (2)

(2) > mn—-2n(-m—-n) —2m(—-m—-n) =0

=>mn+2mn+ 2n%+2m? + 2mn =

=2m?+5mn+2n?2=0

0

>2m?+4mn+mn+2n2=0=2mim+2n) +n(m+2n) =0

>(m+2n)2m+n)=0
Case (jm+2n=0=>m=—-2n
(M)=2l==-(-2n)—n=n (1
~lmin=n:—-2nn
=1:-2:1
~ dr'sof thelinesare (1,-2,1), (1.1, -2)

Now, d.c's of the lines are

Case (i) 2Zm+n=0=n=-2m
)=2l=—-m—-(-2m)=m
slmin=m:m:2m

=—-1:1:-2

[ - = L szq
VPZ+(=2)2+12" [124(-2)%+12 " [12+(-2)%+12 V6’ V6’ V6

and

1 -

L 2 =L L2
[\/12+12+(—2)2’\/12+12+(—2)2'\/12+12+(—2)2] B [\/E'x/g’\/g]

4. Find the direction cosines of two lines which are connected by the relations | — 5m +

3n=0and 71> + 5m? —3n? = 0.

Sol: Givenl—-5m+3n=0=>1=5m—3n --

and 712+ 5m? = 3n?2 =0 --—--—-- (2)

(2) > 7(5m — 3n)? + 5m? — 3n? = 0 = 7(25m? + 9n? — 30mn) + 5m? —3n?2 =0

= 175m? + 63n? —210mn+5m? —-3n%2=0
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= 180m? — 210mn + 60n? =0

=> 6m*P—7mn+2n?=0=>6m?—4mn—-3mn+2n¢=0

=>2mBn-2n)—n@Bm-2n)=0=>Bm-2n)2m—-n) =0

CmeMH%rﬂn=0:m=% Case (i):If2m—n=0=n=2m
(1)=1=5(%)-3n=1=2 (1) = 5m —32m) = -m
lm:n=§:2?m:n ~lmn=—-mm:2m
=1.2.1-1.2:3 =-1:1:2
3 3

~d.r'sof thelinesare (1,2, 3), (-1, 1, 2)

~ d.c's of the lines are

[ 1 2 3 ] _ [ 1 2 3 ]
V124224327 V12422432 V12422432 14’ V14’ V14

N

and

[ 1 L 3 FFLH
JE1DZ+12+22 7 [(-1)2+12+22 " \[(-1)2+12+22 V6’ V6’ Ve

5. Show that the lines whose d.c’s are givenby l+m+n =0, 2mn + 2nl — 5lm = 0 are
perpendicular to each other.

Sol: Givenl+m+n=0=>m=—-l—n---—-- (1)
and 2mn+3nl—-5im =0 --——--- (2)
(2) > 2mn +3n(-m —n) —5m(-m—-n)=0=
= 2mn—3mn—3n?+5m? +5mn=0

=>5m?+4mn—-3n2=0

2
ﬁS(%)-+4(%)—3::0[vdwnwdby7ﬂ
This is a quadratic in % this have two roofts.

m; mp
)

ny ng

Let those roofts are

Multiplication of roofs =2 = =2 = _?3 [~ if a, B are theroots of ax2 +bx +¢c =0

nq Ny
then af =]

mm -3 mm nin
= 1772 =25 1772 — 172 (3)
nin, 5 3 -5

again (2) = 2n) —=1l—n)+3nl-5I(-l—n) =0
= 2nl—2n?+3nl+ 50> +5ln=20

=5024+6nl-2n*=0
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=5[] +6[}]-2=0 (+ divided by n?]

This is a quadratic equation in [ﬂ this have two roofs.

i b

Let those roots are =+,=

ny nz
l l -2 11 nn
_1__2=_=>£=# ______ (4)
ny Ny 5 2 -5

From (3) & (4) %= %=ni_1512

TOke lllZ +m1m2 +n1n2 = 2+3_5 = 0
~ the lines (1) & (2) are perpendicular

6. Find the angle between the two diagonals of a cube. Y

__P

Sol: Let OACBDEFG be a cube

Let OA=0B=0C =a F
The coordinates of the vertices of a cube are X

O(0,0,0), Ala,0,0),B(0, a,0),C(0,0, a)

D(a, 0, a), E(a, a,0), F(0, a, a), G(a, a, a) C D
From the figure 0G, AF,CE,BD are four diagonals.
The D.r'sof 0G are (a-0,a-0,a-0) = (a, a, q)
The D.r'sof BD are (a-0,0-a,a-0) = (a,-a, a)
If 8 is the angle between 0G, BD then

a(a)+a(-a)+(a) _ a?-a®+a?

VaZ+a?+a? \[a?+(-a)2+a? V3a?V3a?

cosl =

=~ Angle between any two diagonals of a cube is cos™? E]

7. If aray makes angle «, B, y, § with the four diagonals of a cube then find
cos?a + cos?pB + cos?y + cos?6.

Sol: : Let OACBDEFG be a cube
Let OA=0OB=0C=qa
The coordinates of the vertices of a cube are
0O(0,0,0), A(a,0,0),B(0,a,0),C(0, 0, a)
D(a, 0, a), E(a, a,0), F(0, a, a), G(a, a, a)
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From the figure 0G, AF,CE,BD are four diagonals.

The D.r'sof 0G are (a-0,a-0,a-0) = (a, a, )

The D.r's of AF are (0-a,a-0,a-0) = (-a, a, a)

The D.r's of CE are (a-0,a-0,0-a) = (a, a, -q)

The Dr'sof BD are (a-0,0-a,a-0) = (a,-a, a)

Let (I, m,n) be the d.c's of the given ray, then we know that 12 + m? + n?2 =1

The ray makes a, B,y, 8 with 0G, AF,CE, BD respectively then

cosa = la+ma+na _ a(l+m+n) _ l+m+n
ViZ+m2+n2vaZ+aZ+a? V1V3a? V3
Similarly, we get cosf = 22 cosy = B oss = EIAT
’ ﬁ ’ y \/§ ’ ‘\/§

Now, cos?a + cos?p + cos?y + cos?6 = [l+?§+n]2 + [_HJ_ZM]Z + [l+:/n§_n]2 + [l_?;n]z

=§[lz+m2+n2+21m+2mn+2nl+12+m2+n2—21m+2mn—2nl+lz+m2+n2+2lm—2mn—2nl+l2+

m? +n? — 2lm — 2mn + 2nl]
=§ [4(1* + m? +n?)] = g
=~ cos?a + cos?P + cos?y + cos?S = g
8. The vertices of a triangle are A(1, 4, 2), B(-2, 1, 2), C(2, 3, -4). Find 2A, £B, «C.
Sol: Given that A(1, 4, 2), B(-2, 1, 2), C(2, 3, -4)
D.r's of AB are (-2-1, 1-4, 2-2) = (-3, -3, 0)
D.r's of BC are (2+2, 3-1, -4-2) = (4, 2, -6)
D.r's of AC are (2-1, 3-4, 4-2) = (1, -1, 6)
Let A be the angle between AB and AC then

|a1a2+b1b2+C1C2| _ |(—3)1+(—3)(—1)+0(6)| _ |—3+3+0|

CosA = ~ J®)2+(-3)2+02/ 2+ (-1)2+(-6)2  VO+9+0V1+1+36

Jat+bitct [azniecs
Hence, cosA =0 = A=90°

Let B be the angle between AB and BC then

[(=3)4+(—3)2+0(—6)| _ |-12-6+0|
J(=3)2+(-3)2+02,/4%+22+(-6)2  V9+9+0V16+4+36

cosB =
18 18 3 3

=——== —=—:>B=cos‘1(—)

V1856 56 247 2V7

Let C be the angle between BC and AC then

cosC = [4(1)+2(-1)+(-6)(=6)| _ |4—2+36]
JaZ2+424+(-6)2/12+(-1)2+(-6)2  V16+4+36V1+1+36
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=8 - B- By pocest| |2
V56v38 56 28 - 28

9. 1f (6,10, 10), (1,0, -5), (6, -10, O) are vertices of a triangle. Find the direction ratios of its
side, determine whether it is right angled or isosceles.

Sol: Let A(6, 10, 10), B(1, 0, -5), C(6., -10, 0)

D.r'sof AB are (1-6,0-10, 5-10) = (-5, -10, -15) = (1, 2, 3) - (1)
D.r's BC are (6-1,-10-0, 0+5) = (5,-10, 5) = (1, -2, 1) ~———-- (2)
D.r's AC are (6-6,-10-10, 0-10) = (0, -20, -10) = (0, 2, 1) - (3)

Now from (1) & (2)
(1)(1)+ (2)(-2) + (3)(1)=1-4+3=0
=LABC = 90°

~ AABC isright angled
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LEVEL - 2 (7 Marks)

1. A(1,8,4),B(0,-11,4),C(2,-3, 1) are three points and ‘D’ is the foot of the

perpendicular from A to BC. Find the coordinates of D.
Sol: Given points are A(1, 8, 4),B(0,-11, 4), C(2,-3, 1)

Suppose D divides BC in the ration k : 1

2k —3k-11 k+4
Then D = [—, ,—
k+1’ k+1 k+1

D.r’sofﬁ=[ﬂ—1,

—3k-11 k+4 ]
k+1 k+1

—8 =4
k+1

_ [k—l —-11k-19 —3k]
k+1’ k+1 k+1

D.r's of BC = (20, -3+11, 1-4) = (2, 8, -3)

75 1 52 212 o[22 - a2

= 2k-2-88k-152+%=0=77k+154=0

=77k =-154 > k=2

~D=-= [2(—2) -3(-2)-11 —2+4] — (4, 5. _2)

241" 241 ’-2+1

2. If (4, mq,ny), (I, my,ng) are d.c's of two intersecting lines. Show that d.c’s of two lines

bisecting the angles between them are proportional to [; + [,, my + m,, n; £ n,.
Sol: Let OA, OB are the given lines

Let A, B are the points at unit distances from O.

= Co-ordinates of A are (I, my,n;)

= Co-ordinates B are (1, m,,n3)

. . _ li+l; mqi+m,; nqi+n,
MldelthfAB—P( T, )
~ OP bisects L AOB = D.r's of OP are (I; + l,,my + my,ny + n,)
Suppose ‘B’ is a point on the line OB as OB = OB’ =1

Co-ordinates of ‘B’ are (-1, —m,, —n,)
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Mid point of AB' = Q(ll—z Iy ’ ml; my , 711; nz)
~ OQ bisects L AOB = D.r'sof OQ are (l; — l,, m; — my,ny — n,)

~ The d.c’s of two lines bisecting the angles between them are

proportional to l; +1,, my + m,, n; £+ n,

3. A(-1,2,-3),B(5.0, 6), C(0, 4, -1) are three points. Show that the direction cosines of the

bisectors of LLBAC are proportional to (25, 8, 5) and (-11, 20, 23).
Sol: D.r's of AB are (5+1, 0-2, -6+3) = (6, -2, -3)

D.r's of AB are [ o 2 3 ]

V36+4+9°’/36+4+9’ V/36+4+9

_[6 -2 -3 _(6 -2 —3)
V49’ 49’ /49 7" 77’7

D.r's of AC are (0+1, 4-2,-1+3) = (1, 2, 2)

D.c’sofRore( ! 2 2 )

Vita+4’' Vi+a+4a’'V1+4+4

=(FwEw)=653)

D.r's of bisectors of LBAC are proportional to

_ [1817 -6+14 —9114]
217 21 21

)

25 8 5 11 -20 -23
_)_)_ Or _I_I_
21°21° 21 21° 21 21

=(25,8,5) OR (11,-20,—-23)
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TSWREIS
CHAPER 7 ; THE PLANE (2M)

KEY POINTS

Plane: A Plane is a surface such that the line joining two points on the surface lies
entirely on it.

Equation of the plane in general formis ax + by + cz+d = 0.

The d.r's of the normal to the plane ax + by + cz+d = 0 are q, b, cC.

Equation of a plane in tntercept formis =+ 2 + % = 1.

Equation any plane parallel to ax + by + cz+d =0isax+ by + cz+ k = 0.

Equation of the plane passing through (x4, v4,2z,) and parallel fo ax + by + cz+d =0 is
alx—x)+b(ly—vy,)+c(z—2z)=0.

Equation of the plane passing through (x4, y4, z;) and perpendicular to the ray having
d.r's(a,b,clisalx—x)+b(y—y)+c(z—2) =0

Equation of the plane passing through A(xy, v1, 2z,), B(x1,V3,25). C(x3,V3,23) iS

X—=X1 Y=V Z—Z
Xo—=X1 Y2—=Y1 Z2—Z1{ =0
X3—X1 Y3 —Y1 Z3— 23

Equation of the plane in normal form is Ix + my + nz = P where (I, m,n) are the d. c’s of
the normal to the plane and ‘P’ is the perpendicular distance to the plane from the
origin.

|d|
va2+b?+c?

Perpendicular distance from P(xy,v,,2,) tothe plane ax + by + cz+d = 0'is

Perpendicular distance from (0, 0, 0) to the plane ax + by +cz+d =0is

laxq+byi+czi+d|

VaZib2+c?
Distance between the parallel planesax + by +cz+d; =0, ax+ by +cz+d, =01

ld1—d,|
VaZ+pZ+c?’

If ©is the angle between the planes ax, + by, + cz; +d, =0, ax, + by, +cz, +d, =0

aiaz+biby+cqc
then cosf = L2 12 12

Jat+viect a3 +vgecs

The plane ax; + by, + cz, + d; =0, ax, + by, + ¢z, + d, = 0 are (i) parallel % =2_4a
1

by C2

(i) Perpendicular © aya, + byb, + ¢;¢, =0
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LEVEL - 1 (2M)

1. Reduce the equation x + 2y — 3z — 6 = 0 of the plane to normal form.

Sol: givenequationisx+2y—3z—6=0=>x+2y—-32=6

Divide with /12 + 22 + (-3)2 =V1+ 4+ 9 = V14

Lx ., 32 _ 6 1.2 3 6
Vit " Vid vii v o yaXvmY T miT m

2. Find the d. c’s of the normal to the plane x + 2y + 2z — 4 = 0.

Sol: D.c’s of the normal to the plane ax + by + cz+d = 0 are

+ [ a b c ]
— Wa2+bZ+c2’VaZ+b2+c2’ VaZ+b2+c2

_+[ 1 2 2 ]_+[1 2 2]
T T W2z’ vize2Ze2?  Vize22+22]l. T V9 Vo' Vo

3. Find the intercepts of the plane 4x + 3y — 2z + 2 = 0 on the coordinate axes.

Sol: Given Plane equationis 4x + 3y —2z+2 =0

S4x+3y—2z=-—222+2Z -2

x y z _
—1/2+—2/3+1_1

; : -1 -2
=~ Intersection of the given plane are ~ 1

4. Write the equation of the plane 4x — 4y + 2z + 5 = 0 into intercept form.

Sol: Given Plane equationis 4x —4y +2z+5 =10

4x 4y+22_—5

=>4x —4y+2z=-5= =
-5 -5 -5 -5

x y z _1
-5/4 ' 5/4  —5/2

This is of the form Z+2 +2=1
a b c
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5. Find the equation of the plane whose intercepts on x, y, z axes are 1, 2, 4 respectively.

Sol: Formula: Equation of the plane with intercepts a, b, c is §+ % + % =1

4x+2y+z

S+ +r=1> =1

=>4x+2y+z=4

=>4x+2y+z—4=0
6. Find the angle between the planes x + 2y +2z-5=0and 3x + 3y + 2z—8 = 0.
Sol: given ploanesare x + 2y + 2z -5 =0 -———-- (1) and

3x+3y+2z—-8=0 - (2)

If ©is the angle between (1) and (2) then

[1(3)+2(3)+2(2)] _ I3+6+4] _ 13
V12+224224/32432422 Vov22 3v22

cosf =

= cos~ 1|2
6 = cos [Sm]
7. Find the angle between the planes2x —y+z=6andx+y+2z=7.
Sol: givenplanesare2x —y+z=6andx+y+2z=7

If ©is the angle between the planes then

_ 12(1)-1(1)+1(2)] _|2=1+2| _ 3_1
cost = J22+(—1)2+12V1Z+12422 V&6 6 2

cosf = %:> 6 = 60°

8. Find the equation of the plane passing through (1, 1, 1) and parallel to the plane x +

2y+3z—-7=0.
Sol: equation of plane passing through (x4, v4,2,) and parallelto ax + by +cz+d =0s
alx—x)+bly—y)+clz—2)=0
>1x-1)+2(y—-1)+3(z—-1)=0
>x—142y—2+3z-3=0

“x+2y+3z—-6=0
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9. Find the equation of the plane if the foot of the perpendicular from origin to the plane

is (2, 3,-5).

Sol: equation of the required plane is
>2x—-2)+3(y—3)-5(z+5)=0
>2x—4+3y—-9-5z-25=0

~2x+3y—5z—-38=0

10.Find the equation of the plane through (-1, 6, 2) and perpendicular to the join of (1, 2,
3) and (-2, 3, 4).

Sol: Let A(1, 2, 3), B(-2, 3, 4)
D.r'spf 4B are (-2,-1,3-2,4-3)=(-3, 1, 1)
Equation of the plane passing through C(-1, é, 2) and perpendicular to AB is
=3x+1D+1(y—-6)+1(z—-2)
=-3x—-3+y—-6+z—-2=0
=-3x+y+z—-11=0
“3x—y—z+11=0

11.Find the equation of the plane passes through (-2, 1, 3) and having (3, -5, 4) as d. r's of

its normal.
Sol: equation of the required plane is

=3(x—2)-5(y—1)+4(z-3)=0

=3x—6—-5y+5+4z—-12=0

=3x—5y+4z—-1=0
12.Find the equation of the plane parallel to the zx-plane and passing through (0, 4, 4)
Sol: equation of the zx-planeisy = 0

Equation of the parallel to zx-plane is y = k ---—--—-- (1)

This passes through (0,0, 4) =2y =k=>4 =k
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~ Equation of the required plane : y = 4

13.Find the equation of the plane passing through (2, 3, 4) and perpendicular to x-axis.
Sol: d. r's of x-axis are (1, 0, 0)
~ Equation of the required plane is
=1x—1)+0(y—3)+0(z—-4)=0
>x=2
MORE QUESTIONS FOR PRACTICE

1. Find the equation of the plane having intercepts 2, 3, 4.
2. Find the equation of the plane if the foot of the perpendicular from origin to the plane
is (1,3, -5).
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8. LIMITS AND CONTINUITY

KEY POINTS

Standard Limits

> ‘limx™ =a"
x—a

> limZ

> limcosx =1

x—0
> lim(1+x)Y*=e
x—0

> lim |1+ =e

X—>00

e*-1

> lim

x->0 X

a*-1

=1

> lim

=loga
x-0 X g

> 1im <8 = 1

x—0 X

> lim==0
> lim ==0

Indeterminate forms:
0 o
> -, =
0 o

Left hand limit [L.H.L]:

) O X w} 0 — wl 00' wol 000

» If f(x) approaches to 'l' as 'x’ approaches to 'a’ from left, then we say that the left hand limit of
flx)is'l'.

Right Hand Limit [R.H.L]

> If f(x) approaches to 'l' as 'x’ approaches to 'a’ from right, then we say that the right hand limit of
f(x)is'l'. We write this as xl_i)ry)f fx)=1

Continuity: A function f (x) is said to be continuous if and only is

> lim f(x) = f(a) (OR)

> lim f(x) = lim f(x) = f(a)

If the above condition is not satisfied the function f is said to be discontinuous.
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. xX—2
1. Evaluate lim
x—2 x3-8
. xX—2
Sol: lim
x—2 x3-8

xX—2

=lim
x—>2 (x—2)(x%+2x+48)

=llm-—-—
x—2 (x2+2x+48)

1 1

T 2242(2)+4 12

2
. X“—8x+15
2. Evaluate lim——
x—3 x“=9

2
. x“—8x+15
Sol: lim ——
x—3 x“=9

1. (x=5)(x-3)
x-3 (x+3)(x-3)

. x=5
=lim=—==—
x-3x+3 343

3 2
. xX°—6Xx“+9x
3. Evaluate lim—=
x—3

x2-9
3 2
. x°—6x“+9x
Sol: llmz—
x—3 x“=9
2
. x(x“—6x+9
= Jjm X849

x-3 (x=3)(x+3)

s x(x—3)2
= e

e X(x=3) _3(3-3)
T x53 (x+3)  (3+3)

3(0
6
. 1 4
4. Evaluate lim [— — — ]
x—2 Lx-2 xX“—4
: 1 4
Sol: lim |— — — ]
x—2 Lx-2 X“—4
— lim [x+2—4]
_x—)z x2—4

2 Marks Questions (LEVEL — 1)
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li 2 _lim
x—-0 (x=2)(x+2) x-0 (x+2)

e’*-1

5. Evaluate lim
x—0

e’*-1

Sol: lim
x>0 X

- lim £t 7 [+ im &2 =1]

7x—-0 7x

=(1)x7

e3%—1

6. Evaluate lim
x-0 X

e3%-1

Sol: lim
x->0 X

3x_ x_
=3limoex1><3 [ lim £ 1=1]
xX—

=1x3=3

tan(x—a)

7. Evaluate lim ——;
x->a X°“—a

tan(x—a)

Sol: lim
xX-a xz—az

tan(x—a)

x—a (x—a)(x+a)

tan(x—a) 1

= lim —
x—a ((x—a) x+a

tan(x—a) ;. 1

(x—a)—»0 (x—a) "x-ax+a

-1 _1
T Tata  2a
8. Evaluate lim X1
x-0 X
Sol: lim 11
x—0 X
- lim Wx+1-1)(V1+x+1)

x—0 x(V1+x+1)
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1+x-1

}CI_I)I’(I) x(V1+x+1)

X . 1
B }Cl_r}(l) x(VI+x+1) }Cl_r}(l) (VI+x+1)

__+r _ 1 _1
TVIT0+1  1+1 2
9. limvVx+1—+x
X—00
Sol: lim vx + 1 —vx
X— 00

-l (Vx+1—vx)(Vx+1+x)
- xl—l;I;IO (\/x+1+\/§)

x+1-x
= lim

X—00 (\/ﬁ+\/_)

= lim

xqoowﬁ R xmoh F E

= lim */’_i
X—0 f1+;+1

0 _ 0 0
V1+0+1 2

10. Evaluate lim Vvx2 + x — x

X—>00

Sol: lim Vx2 +x — x

X—00

(m x)(VxZ+x+x)
x—>oo Vx2+x+x

x%4+x—x2
= lim

x—oo VX 2+JC+X

= lim ———
x—00 VX 2+JC+X

2
-+ -1 [ X —>00=--> 0]
Vv1+0+1 1+1
_1
2
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11. Evaluate }Cl_r)r(l)\/m_1

Sol: lim 71
x—>0V1+x—1

- I [ [

.lim

=lim [ x x>0 [\/m 1]

x—0

[ x
=log3. }cl_r% \/1+x—1]

- log 3. lim [0
&2 200 [V (Vi)

= log3. lim | ——01F)
&2 200 [V (Vi)

x(vV1+x+1)

1+x-1

=10g3.}ci£ré[
=log 3'333%[(‘/1 +x+1)]
=log3. (WI+0+1)

=log3 (1+1)

=2log3

eX—1
12. }Cl_r)r(l)(m )

Sol: lim e’-t
x->0V1+x—1

- I [ [ =)

- }ci—r>r(l) [ x }Cl_m [\/m 1]
= 1. lim | =]

i [ x(VItx+1)
= [T=—) (et

- lim x(Vitx+1)
= 2 [T (VirxeD)

— lim [x(\/1+x+1)

x-0 1+x-1
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=log S.Li_r)%[(\/l +x+1)]

=(V1I+0+1)
=(1+1)

=2

+x_,3

e

3
13. Find lim <

x—0 X

e3+x_ 3

. e
Sol: lim
x—0 X

3 X

. e et—1

= llmg
x—-0 X

. e*-1
= e31im <1
x—0 X

=e3(1)=e3

14. Find lim 321

x>1 x2-1

. sin(x—-1
Sol: lim (2 )
x->1 x*-—1

ERT sin(x—1)
- il_r)ri (x—1)(x+1)
sin(x—1) 1
x-1 (x-1) (x+1)

_ i sin(x—1) . 1
}cl—rg (x-1) "x>1(x+1)

15, Jim 302

x—0 Sin bx

sin ax
Sol: lim

x—0 sinbx

a . Sinkx
= [ lim = k]
b x>0 X
sinax

16. lim

x—0X Ccosx

. sinax
Sol: lim
x—0 X COSX

. Sinax 1
=lim —= X
x-0 X cosx
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1 . Sinkx __
_a(coso) [ lim x _k]

x—0

17. lim 2%

X-m/2 X—75

. cosx
Sol: lim -
X-mM[f2 X—75

Putx—g=ythenx=§+y

andx—>g=>y—>0

Y3

. cosx . COS(E‘U’)
lim == lim

x-m/2 X=5  y-0 y

—siny

=lim—— =-1
y-0 ¥y

. e¥—sinx—-1
18. lim————
x—0 X

e*—sinx—1

Sol: lim
x-0 X
- 1lim [ex—l sinx
x—0 X X
. X1 . Sinx
=lim —lim—
x-0 X x-0 X
=1-1=0
.a¥-1
19. lim
x—0 b¥-1
. a*-1
Sol: lim ——
x—0 b¥-1

b x—l]

=}ci£%[

lim [“x‘l]
= 220 xx_
lim[*]

_logea
- loge b

. 1—-cos2 mx
x—->0 Sin“mx

. 1—cos2mx
Sol: lim ————
x—=0 Sin“mx
. 2sin’mx
=lim ———=

x>0 sin?mx

. [sinmx]?[ nx 1% m2x2
=2 lim

x>0 L mx sinnx] " n2x2
m?2 2m?2
=2(1)2(1)2? =z

91




TSWREIS
21 lim 1-cosmx

x—0 1—cosnx

. 1—-cosmx
Sol: im ————
x—0 1—cosnx

. mx
Zssz

2nx
2

) (e (5) ()
~ x50 (ﬂ)z 2/ "(2sin?%X) \ 2

m—
x—0 2sin

) 11x3-3x+4
22. lim — s
x—o0 13x3-5x2-7

li 11x3-3x+4

Sol:
x—o00 13x3-5x2-7
Taking x3, the highest power of x as common factor in the numerator and denominator.
3[11-32 44
lim © [11 2+x3]
3[13_5_7
X—00 X [13 x3]
. 11- 32"'i3
=lim—%—%
0 BT
_11-0+0 _ 11
13-0-0 13
. x%2+5x+2
23. lim ——

x—00 2X2—5x+1

li X% +5x+2
x—o00 2X2—5x+1

Sol:

Dividing the numerator and denominator by x2, the highest power of x, have

x% sx 2
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24, lim Sxl¥3x

x—o0 3|x|—2x

Sol: If x — oo then x > 0, hence |x| = x

. 8|x|+3x . 8x+3x
~ lim = —_—
x—o0 3|x|-2x x—o00 3x—2x
11x
= lim
xX—oo X
=lim 11 =11
X—00

25. Show that hm 2| =-1

n -
Sol: Whenx » 2 thenx < 0=>(x—-2)<0=>|x—-2|=—-(x—2)

[x=2| im -(x-2) - 1

x—2~ x=2 x—-2= x=2
26. Show that lirgh% +x+1=3
g

Sol: whenx —» 0t thex >0

hm ||+x+1

x—-0%

11m—+x+1 [+ x| = x]

x—-0%

2+0+1=3

logex
27. Evaluate lim 22¢*
x-1 x—1

Sol:Puty=x—1,thenx>1=>x-1->0=>y->0

. lo(1+
lim lo(1+y)
y—0 y

28. Compute lim ([x] + x) and lim ([x] + x)
x-2% x-2~

=1

Sol: When x = 2% then [x] = 2
Now RHL = lim ([x] + x)
x—-2%

=2+2=4
Whenx - 27 then[x] =1
Now LHL = lirgl_([x] + x)
X—

=1+2=3

2x2%2—7x—4
29. Evaluate }Cllnm

2
Sol: lim —X—7*~%
x—2 (2x—-1)(Vx-2)
_2(2)2-7(2)-4
T 2@-1(Vz-2)

10
" 3(2-2)
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__10@+2)
" 3(2—v2)(2+v2)
_10(2+v2)
T 3(4-2)
_10(2+v2) _ 5(2+v2)
T 31 3
. x—1 1
30. Evaluate }Clg} [xz_x - x3_3x2+x]
. x—1 1
Sol: }CI_IH [xz_x - x3—3x2+x]

x>1 [X(X—l) x3-3x2+x

tim [ - ]

x—1 1 ]

x-1Llx  x3-3x%2+x
-1t 11
T1 1-3()+1 1 1
=14+1=2
3 3
. 3aex-3a-
31. Evaluate lim ——~=%
x—0 X
) 1+ 1/3 _ 1— 1/3
Sol: hm( x) -
x—0 x
e [a+xt3-a (l—x)1/3—1]
= lim [# .

[(1+x)1/3—1 . (1—x)1/3—1]
(1+x)-1] (@+x)-1 (1-x)-1 (1-x0)-1

EICOERERTeb

1 1 1+1 2
=t -=— = -
3 3 3 3

1/8_(1—_+)1/8
32. Evaluate lim (1+x) -
x—0 X

(1+x) /8- (1-x)1/8

Sol: lim
x—0 x
o [a+ot/e-1 (1_x)1/3_1]
- Im [ x

[(1+x)1/8—1 : (l—x)l/g—l]
(1+x)-1L A+0)-1  (1-x)-1 (A-x0)-1

I T R
_8(1)8 +8(1)8
1,1 141
s ts T 8
_2_1

"8 4
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33. Evaluate lim
x—-a

tan(x—a)

Sol: lim
xXx—-a xz—az

tan(x—a)

x2—a?

tan(x—a)

x—a (x—a)(x+a)

= lim

tan(x—a) 1

x—a (x—a) ~(x+a)

(x—a)-0 (x-a)

Lot

tan(x—a)

1

at+a 2a

sin(x—a)tan?(x—a)

34. Find lim [

x—-a

(x2_a2)2

sin(x—a)tan?(x-a)

Sol: lim [

x—-a

=lim(x —9)

xXx—-a

(x2_a2)2

=0.1.12. = =0

2a?

X_p3
35. Evaluate lim &=

x—a -
. eX—e3
Sol: lim
x-a xX—3
. e3(e* 31
=11m¥
x—-3 x—3
3 e(x_3)—1
=e im
(x=3)->0 x—3
=e3(1) = €3
. esinx_l
36. Evaluate lim
x-0 X
. esinx_l
Sol: lim
x—0 X
. eSinx_q [sinx
=lim — J—
x—-0 sSinx X
. sinx_q _ sinx
= lim —. lim —
sinx—-0 sinx x-=0 X
=1.1=1
. log(1+5x
37. Evaluate llmL
x-0 X
. log(1+5x
Sol: lim log(1+5x)
x—0 X
. log(1+5x
=lim log(1+5x) X 5
x—0 5x

=1x5=5

" (x—a)-0 (x+a)

[sin(x—a)] lim
x—a

" (x+a)?
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38. Compute lim e

X—00
. a2
ol: lim e™
X— 00
. a2
=lime™
X—00
1 .
= lim — [ lim==0
x—»a)ex xX—00 X
=0
x—3
39. Show that hm =0
3+ [x2-9]
x—3
Sol: lim ——
x—3+/|x2-9|
= li x—3
x—3 /|(x=3) (x+3)|
_ VIx-3|?
x—3+/]|x=3||x+3]|
. x—3
=lim —|
x—3 x+3

0 0
-2

TSWREIS

LEVEL — 2 (2 Marks)

. XxSsina—asinx
1. Evaluate im———————

xX—-a xX—a
. xsina—asinx
Sol: im—————
xX-a X—a
. (xsina—a sina)—(a sinx—a sina )
= lim
xX-a X—a
. Sina(x—a) . sinx—sina
=lim——=—alim|————
x-a X-a x—a x—a
i i i Zcos( ; )sm(xza)
= lim sina — a lim
x-a x—a x—a

. . x+a .
=sina-2alim cos (—) im
x—a 2

a+a 1
-sma—Zacos( > )'E

=sina — acosa

cosax—cosbx

2. Evaluate lim >
x—0 x

. cosax—cosbx
Sol: lim ————=

x—-0 x?

. (ax+bx\ . (bx—ax
2 sin(* )sin (5%

=lim >
x—0 X
sin(a—+b)x b-a

=2lim
x-0

( cosC — cosD = 2sin

(s subtract and add a sina)

sin

C+D . D—C)
2
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x—0 X
a+b b—a . Sinkx
- ( )( ) [ hm—:k]
z 2 x—0 X
b2—-a?

2

3. If f(x) = —/25 — x2 then find mq%
x— -

_ i — _
Sol: lim LD _ jjy V25X +V25-1
x—-1 x-1 x—1 x—1
. \24—V25-x2
= |jm =2/
x—-1 x—1

_ iy (FAVEE =) (VZE+75-77)
TS x-1(V2E+V2sx7)

=lim 24-(25-x%)
" 31 x-1(y284V25-22)

2
. x2-1
=lim
x—1 x—-1(v24+V25-x2)

=lim (x—1)(x+1)
" 31 x-1(V28+V25-22)

(x+1)

= lim ———
x—1 (V24+V25-x2)

- 1+1 _ 2 _ 1
V24+/25-1 224 24

x%—sinx

4. Evaluate lim —;
x—00 X“—2

Sol: we apply sandwich theorem to evaluate the given limit
We know that —1 < sinx < 1
=>12=-sinx = -1
=-1< —sinx <1
>x?2-1)<x?—-sinx<(x?+1)
2

x2-1 _ x2%-sinx _ x%+1

x2-2 7 x%2-2 T x2-2

Let I(x) = f;—:; fx) =

x%—sinx x2+1
(x)

x2-2 ' ¥2_2
2
. x _1
Now, lim I(x) =
'x—>oo ( ) x2-2
1
(1=
= lim ( ’;)
X—00 1——2
X
1_
- = 1
1-0
2
x2+1
Also, u(x) =
,u() = 55
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lim [(x) =1 = lim u(x)
X—00 X—00
= from sandwich theorem lim f(x) =1
X—00

. 2+cos*x
5. Evaluate lim ———=
x—oo X+2007

Sol: we know that 0 < cos?x < 1=22+0<2+4+cos’x<2+1

=<2+4+cos’x<3

2 2+cos?x 3
= < <
x+2007 x+2007 x+2007

Let {(x) = ——, f(x) =

Xx+2007

2+cos?x ( ) _ 3
x+2007’ x+2007
2

x+2007

Now, lim I(x) =
X—00

= lim (L)
x—o00 \1+2007 /x

0

T1+0

Also, u(x) = xX+2007

. 3/x
= lim | 555+
X300 1+—2‘lf7

lim [(x) = 0 = lim u(x)
X—00 X— 00

= from sandwich theorem lim f(x) =0
X— 00

. ) Va+2x—/3x
6. Find 3161—1;% [m]
Sol: Here we have to rationalize both the numerator and denominator
.t (Va+2x—3x)(Va+2x+/3x) (V3a+x+/4x)
B xl_r>rcll (Va+2x++3x) " (V3a+x—Vax)(V3a+x+V/4x)
- lim (a+2x-3x) (V3a+x+/4x)

x—a (Va+2x+y/3x)" 3a+x—4x

— i (a—x)(V3a+tx+/4x)
= (Varzx+v3z) 3 (a—x)

_ VBa+ta+V4a
B (Va+2a++v3a)3

_2vVa+2va
"~ 2(V3a)3

__Ha _ 2
" 2(V3a)3 33
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SAQ (4 Marks)

~(x?-4) if0<x<2
7. Check the continuity of f(x) = 0 ifx=2 at2

2—8x73 if x=2
Sol: (i) Given that f(2) =0
(i) LH.L= lim f(x) = lim = (x2 — 4)
x—-2~ x—27 2

=2(4-4) [fxo2 s x<22 (0 =0 - 9)
=0
(iii) R.H.L= lim,_f(x) = lim, (2 B %)

=28 [+x->2t=>x>2= f(x) =2—8x3]

Here L.H.L # R.H.L

= lirrzl f(x) does not exist
X—

So, f(x) is not continuous at 2.

k’x—k ifx=>1

8. Iffisgivenbyf(x)={2 ifx<1

is a continuous function on R, then find K.

Sol: Given f(x) is continuous on R. So f(x) is continuous the split point x = 1

(i Whenx < 1
LH.L= lim f(x) = lim 2
x—-1" x—>1"

(i) When x > 1,
IR T — . 2 _
R.H.L= ler{lJrf(x) ler{;r k*x — k

=k2(1) -k

(iii) from (1) & (2)
LH.L=R.H.Las f(x) is continuous at x = 1
>k*—k=2
>k*—k—-2=0
=>k-2)k+1)=0
=>k=2or-1
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( sinx ifx<0
2
9. Find the real constants a, b so that the function f given by f(x) = { )lc)x:_—a3 ZJ{? : ;C : ; is
k -3 if x>3
continuous on R
Sol: Given that f(x) is continuous on R.
= f(x) is continuous at split point x = 0,3
a) f(x) is continuous at x = 0
(i) L.H.L= lim f(x) = lim sinx
x—-07 x—07
=sin0=0
.. - . — . 2
(i) R.H.L ',}L%l+f(x) xll)rgl+(x +a)
=0’+a=a
But f(x) is continuous at x = 0
(b) f(x) is continuous at x = 3
~LH.L= lim f(x) = lim (bx + 3)
xX—3" x—3~
=3b+3
(i) R.H.L =xll)r§1+f(x) = xll)r3n+(—3)
=-3
But f(x) is continuous at x = 3
~LHL=R.H.L
=>3b+3=-3
=>3b=-6
>b=-2
cosax—cosbx' if x =0
10. Show that f(x) =4 , 2 is continuous at 0.
E(b2 —a?) ifx=0
2
Sol: (i) Given f(0) = 2= - (1)
3 2 si ax+bx\ . (bx—ax
(ii) lim £25%X—C0SP% _ _ Jim sin(5 )Sm( 2 ) v cosC — cosD = Zsm—D sin u)
x—0 2 x—0 2
SlTL a+b SlTL
=2lim
x—0
. (a+b
_zlhm sin(%32)x Hhm sin(*3* )Xl
x—0 X x—0 X
a+b b—a . sinkx __
=2(%7)(%%) [+ lim 2= = k]
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(iii) from (1) and (2)
lim £ () = £(0)
So, f(x) is continuous at x = 0

x%2-9 .
11. Check the continuity of the following function given by f(x) = {xz—Zx—3' if0<x<3and x+3
1.5 ifx=3
at the point 3.

Sol: A function f(x) is continuous & lim f(x) = f(a)
x—a

2
. x“=9
Now, lim—
x—3Xx“—2x-3

1 (x+3)(x-3)
x-3 (x—3)(x+1)

e (x+3)
x—3 (x+1)

343 _ 6

T3+41 4
=15
Given that f(3) = 1.5

ling f(x) =f(3)=1.5i.e., fis continuous at x = 3
X—
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9. DIFFERENTIATION

SYNOPSIS POINTS

. Derivative of f(x) using first principles f*(x) = It f—(“h;_f(x), fl(@) = 1t LD
X—

x—-a xX—a

du Q
. If u,v are functions of x then i(uv) =ud—”+vd—u; d—”( )—M

dx’ dx v2

. Chain Rule:- y=f(u), u=g(x)=> Z =2 e y = f(g(x)) =' = f'(g(x).g'(x)

dx du dx

. DERIVATIVES OF SOME STANDARD AND USEFUL FUNCTIONS:-
i _ -1.4d _n- 4 —_1.4 2Y _ .4 3\ _ 2
(x”) =nx"1; x(k) =0; dx(kx) =k, dx(kx ) = ka,dx(kx ) = 3kx?,
_ 1 _-n d(1y_-1 d/ 1) _ -1
_(\/—) 2\/_ dx T xnt17 gy (x) T x2 7 dx (\/E) T 2xvx

—(ax+b)—a,'—(ax+b)2—2(ax+b)a Vax+b— 2

2vax+b
d 1 d 1
a(logx) =- ,alogax = ;loga ; logf(x) —f( S f'(x)
A oox — ox. D Lf0) = of ) £y gx — X L4 X — X
e =e",—e e/f!(x);—a* = a*logea; —x* = x (1+ logx)
TRIGONOMETRIC HYPERBOLIC
d . d .
— Sinx = cosx —sinhx = coshx
dx dx
d ) d ,
—cosx = —sinx —coshx = sinhx
dx dx
d _ 2 d _ 2
—tanx = sec<x —tanhx = sech“x
dx dx
da _ 2 a _ 2
—cotx = —cosec“x — cothx = —cosec*x
dx dx
d d
—secx = secx.tanx —sechx = —sechxtanhx
dx dx
d d
-, cosecx = —cosecxcotx acosechx = —cosechxtanhx
INVERSE TRIGONOMETRIC INVERSE HYPERBOLIC
2 sin~lx = — 2 sinh 1y = —
dx 1—x2 dx 1+4x2
2 cos~lx = —= = 2 cosh~lx = —
1-x dx x2-1

—tan"lx = —; L tanhlx = ——

1+x dx 1-x
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d _ -1 d _ 1
—cot ™ x = —coth™'x = —

dx 1+x2 dx 1—x2

L seclyx = —2— 2 sech™lx = ——=

dx - |x|VxZ-1 dx - [x|V1-x2

2 cosec™lx = —2 2 cosech™lx = —=

dx |x|Vx2-1 dx [x[V1+x2

Logarithm Differentiation” if y = f(x)9™ then

logy = g@logf(x) = L2 = g() 7 f'(0) + logf (x)g' (x)

Derivative of a function w.r. fo another function:

_ _ dy _df _ '
Ify =f(x),z=g(x) then 2 dg = 90

Parametric Differentiation:

_ — v _g'® a?y _ |4 [av]|[ae
lfx=f(x), y=g@) then —= f©® and 2z, = [dt [dx” [dx]

Double differentiation:

" — i L))
£ () = lim 242D
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DIFFERENTIATION

2 MARKS LEVEL - |

1. Find the derivative of the function f(x) = (x? — 3)(4x3 + 1).
Sol: Formula: ;—x(uv) = u.;—x (v) + v.;—x (w)

Given f(x) = (x2=3)(4x3+ 1)

f'(x) = :—x(xz —-3)(4x3+1)

= (2 = 3) (4 + 1) + (4o + 1) - (x2 - 3)

= (x?2 —3)(12x?%) + (4x3 + 1)(2x)

=12x* — 36x% + 8x* + 2x

=20x* — 36x% + 2x
2. Find the derivative of f(x) = e*(x? + 1).

Sol: Given f(x) = e*(x? + 1)
Applying uv formula, we have
/ _ i 2 2 i
=>f'(x) = e* = (x?+1)+(x*+1) — (e®)
=e*(2x) + (x%2 + 1)e”
=e*(x?+2x+1) = e¥(x +1)2
3. Find the Derivative of 5* + logx + x3e*.
Sol: ;—x(Sx + logx + x3e*)
= 5%log5 + i + x3(e*) + e*(3x?)
4. If y =e?*.log(3x + 4) then find Z—z .
. d ., 4
Sol: Formula - (uv) =u — (w)+v — (w)
Given y = e**.log(3x + 4)

@ _ g2 4 a2
= e — [log(3x + 4)] + log(3x + 4) e (e®*)
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= e2x [ : (3)] + log(3x + 4) e?*.2

3x+4

= p2x | 3 _
=e [3x+4 + 2log(3x + 4)]
5. If f(x) = e**logx, (x > 0) then find f’(x).
Sol: Given f(x) = e*logx.
Applying uv formula and chain rule, we have
L) = p2x 4 4 (p2
S f'x)=e xdx [logx] + logx e (e?®)
= ezxi + logx(e*)(2)
—,2x (1
=e* (x + ZIogx)
6. Find the derivative of e* + sinx cosx .

LA o ; =2 oy Lo
Sol: = (e* + sinx cosx) . (e*) + e (sinx cosx)

X 4 sing L 4 s
e” + sinx — (cosx) + cosx — (sinx)

e* + sinx(—sinx) + cosx(cosx)

e* + (—sin’x + cos?x)

=e* + (cos?*x — sin’x)

e* + cos2x [« c0s20 = cos?8 — sin?6]
7. If f(x) = xe*sinx then find f'(x).
Sol: ;—x (uvw) = uv;—x (w) + uw(j—x (v) + vw% (uw)

o f'(x) = —(xe*sinx)

= xe* ;—x (sinx) + xsinx:—x (e*) + exsinx;—x (x)

= xe*(cosx) + xsinx(e*) + e*sinx(1)

= xe*cosx + xsinx(e*) + e*sinx

= e*(xcosx + xsinx + sinx).
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8. If y = x%e*sinx, then find Z—z .

.4 2 a a
Sol: — (uvw) = uv = (w) + uw — (v) + vw — (uw)
2 (x2e¥sinx) = x2e* L (sinx) + x2sinx = (e*) + e*sinx = (x?)
dx dx dx dx
= x%e*(cosx) + x?sinx(e*) + e*sinx(2x)
= xe*(xcosx + xsinx + 2sinx) .

9. Ify =2 then find £ .
4x+5 dx

v.%(u) —u.%(v)

v2

u

Sol: Formula :—x(;) =

d d
dy _ (4x+5)a(2x+3)—(2x+3)a(4x+5)
dx (4x+5)2

— (4x+5)(2)—-(2x+3)(4)

(4x+5)2
_ 8x+10—-8x—-12 _ -2
(4x+5)2 (4x+5)2 °

10.If y =22, (x # —a) then find 2.

d vL wW-u 4 )
. u — _dx ‘dx
Sol: Formula dx( )

v v2

dy _ d (E) _ (at0)(=1)-(a-x)(1)

dx  dx \a+x (a+x)2
_ —a—x—a+x _ —2a
(a+x)2  (a+x)2

11.1f f(x) = sin(logx), (x > 0) then find f'(x).
Sol: ;—x(sin(logx)) = cos(logx);—x(logx)

= cos(logx)i

_ cos(logx)
x

12.Find the derivative of log(secx + tan x).

Sol: We take y = log(secx + tanx), then
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dy

d
ol Elog(secx + tanx)

1 d
——— —(secx + tanx)
secx+tanx dx

——(secx + tanx + sec?x)
sec x+tan x

_ secx(tanx+secx) _
=——— = Secx
secx+tanx

13.Find the derivative of y = esin™'x

LY _ sinTix @ -1
Sol: =€ = (sin™'(x))

in—1

- sin °Xx

sin 1x[ 1 ] _ ¢
Vi-x2 Vi-x2

=e

14.1f y = sin~(cosx) then find z—z :

Sol: Given y = sin™!(cosx), then

ay _ 4 -1 — 1 4
— = ——sin (cosx) = o x (cosx)

—sinx __ —sinx

V1-cos?x sinx

= -1
15.Find the derivative of log(sin(log(x)).

Sol: We take y = log(sin(log(x)) , then

@v_4a i

== log(sin(logx))
4
sin(logx) dx

sin(logx)

1

= cos(logx) .:—x (logx)

sin(logx)
_cos(logx) 1 _ cot(logx)
sin(logx) " x X

16.1f y = en™'% then find 2 .

.4y _ _asin~lx 4 -1
Sol: =€ - (asin™*(x))

— Jasin"1x 1 . -1
=e .a + sin™x(0
V1i-x2 ( )
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— yasin"x _ @
=e T
1-x
asin"lxa
_¢€ _ ay
Vi-x2 V1-x2

17.1f y = tan~1(logx) then find Z—z :
Sol: Given y = tan~1(logx)

z—z = :—x (tan(logx))

1 d
1+(logx)? dx

(logx)

=[ 1 ]l
1+(logx)2l x

18.Find the derivative of tan™ [-2] .

Sol: We take x = tanf then, 6 = tan™'x

. tan‘l[ 2x ] _ tan‘l( 2tané )
1—-x2

1-tan?6

= tan~'tan20 = 20 = 2tan"'x = [ E(Ztan‘lx = 1+sz)]

1+x2
19.Find the derivative of sin™1(3x — 4x3) .
Sol: We take x = sinf then, 6 = sin™'x
~ sin™'(3x — 4x3) = sin~'[3(sinf) — 4(sinb)?3]
= sin~1(sin30)
=360

= 3(sin"x)

.4 in—1 _d . 1 _ 1 _ 3
e (3sin71x) = 3dx sin"'x =3 [m] ==
20.Find the derivative of sin™? (Z_X)
1+x
Sol: We take x = tanf then, 8 = tan™1x
2x \ _ . _1( 2tané
1+x2) = Sin (1+tan29)

= sin~1(sin20) = 20 = 2(tan"'x) [+ x=tan8 = 0 = tan"'x]
108
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o L(2tan %) = 2L tan1x
dx dx

1 2
1+x2 1+x2

21.Find the derivative of cos~1(4x3 — 3x).

Sol: We take x = cos6 then, 8 = cos™1x
5 cos Y(4x3 — 3x) = cos 1 (4cos36 — 3cos0)
= cos 1 (cos36)
=360

=3(cos™1x)

. i -1 _ -1 _ -3
odx (3COS X) =3 [v1—x2] T V1—x2

22.Find the derivative of y = vV2x — 3 +/7 — 3x .

Sol: Given y = v/2x — 3 +/7 — 3x, then

dy i — —
—=—(V2x=3) +V7-3x
_ 2 1
T Dt =3
— 1 _ 3
V2x=3  2V7-3x

23.Find the derivative of 7%*+3x
Sol: ;—xaf(x) = a/®loga. f'(x)

v o (77743%) = 7435 (log 7). = (a® + 3x) = 773 (log 7)(3x2 + 3)
24.1fy = (cot™'x*)? then find 2.

.dy _ d -1..3\2 _ -1.,3 4 -1..3) T.. :
Sol.dx =— (cot™x3)? = 2cot™1x — (cot™x3) [+ from chain rule]

_ -1 —6x2%cot ™ 1x3
= 2cot 1x3< ) 2=

1+(x3)? 1+x6
25.Find2—zif2x2—3xy+y2+x+2y—8 =0.

Sol: Given that 2x? — 3xy + y? + x + 2y — 8 = 0; differentiating with respect to x, we have
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dy dy dy __
4x—3[xa+y(1)]+2ya+1+za—0

dy _ _ _ d_y __ 3y—-4x-1
= E(Zy —3x+2)=3y—4x—-1 = x = 2y anez

26.Find Z—z if x = acos3t, y = asin3t.

Sol: Given x = acos3t o differentiating w.r. to ‘t' we get,

ax _ a 34) — 2, @
e (acos®t) = a.3cos?t - (cost)

= a.3cos?t (—sint)

= —3a cos?t. (sint)

d d . . d , .
2 = Z (asin3t) = a.3sin%t — (sint)
dt  dt dt

= a.3sin’t (cost)

= 3a sin’t.cost

ay . .
. dy _ G _ 3asin®t(cost) _ sint _
-——H—T—————tant
dx = —3a cos“t (sint) cost

27.Find the derivative of x*.
Sol: We take y = x* = logy = logx”*
= logy = x logx, on differenfiation w.r. fo 'x’ we get

1d 1 d d
S ézx(;)+logx(1) = d—y—y(1+logx) = ﬁ

o= =x*(1+ logx)
28.1f y = x* + tanx then find y" .
Sol: Given y = x* + tanx

= differentiation with respect to x we get

y' = 4x3 + secx

Again differentiation with respect to x we get

y' = 12x? + 2secx(secx tanx)

= 12x?% 4 2sec?x tanx
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29.1f y = ae™ + be ™™, then prove thaty’ = n?y.

Sol: Given y = ae™ + be™* ; on differentiation with respect to x we get
y' = ae™(n) + be ™ (—n) on differentiation again with respect to x, we get
y = ae™(n)(n) + be ™ (—n)(—n)
y =n?ae™ +n?be ™ = n?(ae™ + be ™) = n?y
wy =n?y
30.1f f(x) = 2x? + 3x — 5 then prove that f'(0) + 3f'(—1) =0
Sol: Given f(x) =2x?+3x—5 = f'(x) =4x + 3
Then f'(0)=0+4+3and f'(-1)=—-4+3=-1
“ f'(0)+3f1(-1)=3+3(-1)=3-3=0
31 flx) =14+ x+x2+ -+ x1°, then find f'(1) .

Sol: f(x)=1+x+x*>+-+x= f'(x) =1+ 2x+3x%+ -+ 100x°°

100x101

=>f(1)=1+2+3+--+100= n(n+1)]

2

=5050 |+ Zn=
LEVEL - 1, 4 Marks
1. Find the derivative of sin 2x from the first principle.
Sol: We take f(x) = sin2x, then
f(x + h) =sin2(x + h) = sin(2x + 2h)
From the first principle,

) — T SO
f() = lim

_ 4. sin(2x+2h)—sin 2x
= lim
h—0 h

= }li_r%% [2 cos <(2x+22h)+2x) sin ((2x+2:)_2x)] ( sinC — sinD = 2cos (C%D) sin (C%D))

= 2im cos (%52) sin (3)

_ . 1 (2(2x+h)) .
=2 }ll_I)T(l) - cos (T) sin(h)

111




TSWREIS
=2 }Llrr(l) % cos(2x + h) sin(h)

sinh
h

=2 }Ll_r)r(l) cos(2x + h). }Ll_r}(l)
=2cos(2x +0) (1) = 2cos2x
2. Find the derivative of cos ax from the first principle.
Sol: We take f(x) = cosax, then
f(x+ h) = cosa(x + h) = cos(ax + ah)
From the first principle,

. fx+h)—f(x)
, = |jm 2T
fr(x) = lim p

_ 1. cos(ax+ah)—sin ax
= lim
h—0 h

= }li_r)ré% [—2 sin (—(ax+a2h)+ax) sin (—(ax+a2h)_ax)] ( cosC — cosD = —2sin (%) sin (%))
()]

_ B 2ax+ah
= —-2lim= [sm ( ) sin
h-0h 2

=-2 lirré % (sin (ax + az—h) Sin(az_h))

1 h Sin(a_h)

. . a .

= —2lim=sin [ax + —|lim —%%
h—-0h 2 1h-0 h

= —2sin(ax + 0) (g) = —2 sinax (%) = —asinax
3. Find the derivative of tan 2x from the first principle.
Sol: We take f(x) = tan2x, then
f(x+ h) =tan2(x + h) = tan(2x + 2h)
From the first principle,

o — qir LR =F ()
f(x) = lim 0T

tan(2x+2h)—tan 2x

= lim
h—0

 lina 1 [sin(2x+2h) . sin(Zx)]

h—0 h Lcos(2x+2h)  cos(2x)
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[sin(2x+2h) cos(2x)—cos(2x+2h)sin(2x)]

. 1
lim —
cos(2x+2h)cos(2x)

h—0h

1 sin[(2x+2h)—2x]
h—0 h cos(2x+2h)cos(2x)

[+ sinAcosB — cosAsinB = sin(A — B)]

_ 4. Sin2h . 1
= lim .
h-»0 h h—0 cos(2x+2h)cos(2x)

= 2.——— = 2sec?(2x)

" cos2(2x)
4. Find the derivative of cotx from the first principle.
Sol: We take f(x) = cotx, then
f(x+ h) =cot(x + h)

From the first principle,

. fxe+h)=f(x)
, = |jm 2T
fr(x) = lim p

_ 4. cot(x+h)—cotx
= |lim ———————
h—0 h

"~ hsoh

1 [cos(x+h) _ cos(x)]
sin(x+h) sin(x)

. 1[]cos(x+h).sinx—sin(x+h).cosx
_ hm_[ (x+h) (x+h) ]

h-0h sin(x+h).sinx
. 1[]-sin((x+h)—-x
_ hm_[ sin((x+h)—x)
h—0 h L sin(x+h).sinx

[+ cosA sinB — sinA cosB = —sin(A — B)]

e 1 —sinh
=lim= -
h—-0 h Lsin(x+h)sinx

. —si
= lim [ ] Jim———
h-0 h h—0 sin(x+h)sinx

1
=—1 [ — ] = —cosec?’x
sinx.sinx

5. Find the derivative of cos?x from the first principle.

Sol: We take f(x) = cos?x, then

f(x+h) =cos?(x+ h)
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From the first principle,

) — Jim FOHD @)
fr() = lim=—

2 2
. cos“(x+h)—cos“x

h—0 h
= ’llm(l) _Sin[(x+h)+x}35in[(x+h)_x] [+ cos?A — cos?’B = —sin(A + B) sin(4 — B)]
= |im ZREISIB) = _ i sin(2x + h) . lim 220

h—0 h h—0 h—0

= —sin(2x + 0) (1) = sin2x
6. Find the derivative of sec3x using first principle.
Sol: We take f(x) = sec3x, then
f(x+ h) =sec3(x+ h) = sec(3x + 3h)

From the first principle,

) = Tim SO @)
f() = lim==—

_ 4. sec(3x+3h)—sec3x
= lim
h—0 h

. 1 1 1
= lim - [ - ]
h—0 h Lcos(3x+3h) Ccos3x

= i 1[c053x—cos(3x+3h)]
h L cos(3x+3h)cos3x

2sin(3x+(3x+3h)) . (3x+3h)—-3x
_ 1 > sin >
= lim -
cos(3x+3h)cos3x

[ cosC — cosD = +2sin (%) sin (E)]

(%)l

cos(3x+3h)cos3x

= lim=

. (6x 3h\ .
1 25171(7"1‘7)5171
h—-0h

L1 sin(3x+%)sin(%) L1 sin(3x+%) . sin(%)
=2 lim - =2lim- lim
h—0 h | cos(3x+3h)cos3x h—0 h cos(3x+3h)cos3x h—0 h
_ sin(3x+0) (3) _ sin3x _ 1 [sian]
"cos(3x+0)cos(3x) " \2 c053x.c0S3X cos3x Lcos3x
= secx.tan3x
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7. Find the derivative of x sinx from the first principle.

Sol: We take f(x) = x sinx, then
f(x+h) = (x+ h) sin(x + h) = [x(sin(x + h)) + h (sin(x + h))]

From the first principle,

L FOckh)~f ()
, = |im 222
fre) = lim=———

. x[sin(x+h)]+h9sin(x+h)]—x sinx
_ iy XsinGm] (x+h)]
h—0 h

. x[sin(x+h)—sinx]|+h sin(x+h
_ iy X[sinGH) —sinx] +h sinCx+h)
h—0 h

h sin(x+h)

— i X o o .
= }ll_r)l’(l) - [sin(x + h) — sinx] + }ll_r)% "

.oox|
= lim=|2cos

(x+h)+x . (x+h)—x]
.Sin
h-0hlL

+ }ll_r)ré sin(x + h)

i X 2x | h] . h . .
= }Ll_r)l’(l)h _ZCOS [ >+ 2] sin 2] + }Ll_r)ré sin(x + h)

= }Li_r)r(l)% :2cos (x + g) sin (S)] + }E)% sin(x + h)

. h
- RY .. |Sing o _ 1 .
= }llir(l) 2xcos (x + 2) }llir(l) [—h l + }ll_l’)r(l) sin(x + h) = 2xcos(x + 0). [x] + sinx

= X cosx + sinx
8. Find the derivative of x3 from the first principle.
Sol: We take f(x) = x3, then
fx+h)=(x+h)3
From the first principle,

) — T LEHD=G)
f() = lim

(x3+h3+3x2h+3xh?%)—x3

= }lirré - [ (a+b)3=a3+ b3+ 3a?b + 3ab?]
_ 1io R343x2h+3xh? _ . (h(h®+3x2+3xh)
= lim ——— = lim (—)

h—-0 h h—-0 h

= }lirrcl)(?)xz + 3xh + h?) =3x2% + 3x(0) + (0)? = 3x?
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Hence proved that derivative of x3 is 3x2.

9. Find the derivative of vx + 1 from the first principle.

Sol: We have f(x) =+vx+1,then f(x+h)=vx+h+1

fx+h)-f(x)

From the first principle, f(x) = }lln(l) -

1
—’lll_I)I(l)E(\/X+h+1—\/X+1)

= lim (Vx+h+1—vx+1)(Vx+h+1+Vx+1)
h>0h Vx+h+1+/x+1

— 1: (x+h+1)—-(x+1) 1., _
=lim == [ (Va+Vb)(Va—vb) = a—b]

. h . 1
= lim = lim ——=
h—0 h(Vx+h+1+Vx+1)  ho0 Vx+th+l+Vx+1

1 1
VXFOFI+Vx+l  2vx+1

1

Hence proved that derivative of vx + 1 is =i

10.If x¥ = e*7, then show that & = —29*
dx (1+logx)?

Sol: Given x¥ = e*77,
Applying log on both sides, logxY = loge*™ = (x — y)loge [ logx™ = nlogx]

> ylogx=(x—-y).1 [+ loge=1]

x
lox+1

>ylogx+y=x =2ylogx+1)=x=>y=

Differentiating w.r.t. x on both sides

d d
dy _ i[ x ] N N (logx+1)—(x)—7-(logx+1)x [ (u)' _ vu’—uv’]

dx  dx Llogx+1 dx dx (logx+1)2 v v2
1
N dy (logx+1)—x[;] __logx+1-1
dx  (logx+1)?2  (1+logx)?
Lody logx

Tdx  (1+logx)?
11.1f siny = xsin(a + y). then show that Z—z = W (ais not a multiple of n)

Sol: Given siny = xsin(a + y)
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= 3 = siny
sin(a+y)
Diff. w.r.to y

dx __ sin(a+y)(siny)’—siny (sin(a+y))’ [ (E), _ vu’—uv’]

dy (sin?(a+y)) v) — v2

_ sin(a+y)cosy—sinycos(a+y)

d . d ]
sin?(a+y) ;(Slnx) = COSX] [ E(COS)C) = —Slnx]

@ Sm(jw [ sinAcosB — cosAsinB = sin(4 — B)]
dy sin?(a+y)

dx sina
5> —=—"
dy  sin?(a+y)

d sin?(a+
= . —y = —( y)_
dx sina

—1+;2_1], g(x) = tan™'x then, differentiate f(x) with respect to g(x) .

12.1f f(x) = tan™! [

Sol: Given f(x) = tan™! [—V”xx‘l]

Put x = tanf then 6 = tan™x

f(x) =tan™? [Jm-l] — tan-1 [W 1]

tanf

[ 1+ tan?8 = sec?8]

1 1
_1 [sec6-1] 1| Zos6" 1 sin@
=tan™' |[——| = tan™! [“ﬁ—ﬁell [ sech = —] [ tanf = 056]
) . cosB
1-cos6
— -1 cos@
=tan sin@
cos6

= tan~! ﬂ] =tan™?! Iil [ 1 — cosA = 2sin? ]

L sinf Zsmzcos—

[ . 6
Sin—- 2] . .
= tan™! ﬁ,l = tan™! (tan;) [ SinA = ZSmgcos %]

CoS—
L 2

0 tan~l(x)

= =2 [ tan"(tand) = 6]

2 2

= f(x) =2 [+ L (tan~'x) = ]
1+x2 dx 1+x2

= f ( ) = 2(1+x2)
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1

gx) =tan'(x) = g'(x) =

1+x2
_r
frix) _ 1(1+x2) _1
9 1+1x2 2
4 dy y? y?
13.  Ify =x*then show that = = =
dx x(1-ylogx) x(1-ylogx)

Sol: Giveny = x*
Applying log on both sides, logy = logx* = y logx ...... (1) [+ logx™ = nlogx]

Differentiating w.r. to x on both sides

a _a
- (logy) = — (v logx)

1 _ 4 a 4 _ 1 o () =
Sx =y L (logn) +logx = () [+ = (logf ) == F W] [+ (£) =25
1% _ 1 dy _dy(1_logx) _y . 4 -1
3;><a_yxx-l-lo‘gxdx_dx[y 1 ]_x [ dx(logx)_x]
=>—[1— oafl =¥ o Wy v __ ¥
d ytog x dx x 1-ylogx x(1-ylogx)
dy _ ¥

dx x(1-logy)
14.Find Z—z for the functions, x = a(cost + t sint),y = a(sint — t cost).
Sol: Given x = a(cost + t sint)

Differentiating with respect to x on the both sides

= % = a(cost)' + t(sint)" + sint (t)’ [+ (uv) = uv' + ']
dx . . a . d .
— = a(—sint + sint. (1) + t(cost)) [ — (cosx) = —smx] [ — (sinx) = cosx]
dt dx dx
d

[ e =1]
dx . . dx
== a(—sint + sint + t cost) = — = atcost

y = a(sint — t cost)
Differentiating with respect to “t” on both sides

= % = a(cost — cost(1) + t(—sint)) [ (uv) = wv' + ']
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Z—Jt/ = a(cost — cost + t sint) [ :—x (cosx) = —sinx] [ ;—x(sinx) = cosx] [;—x (x) = 1]

da .
= 2 = gtsint
dat

d dy/dt atsint sinf
B Ayt = tant = tan6

dx dx/dt " atcost cos6

a
=2 = tant
dx

2/3 2/3 _ 2/3 ay _ 3|y
15.0f x2/3 + y?/3 = a?/3 then 2 = | [2].

X
Sol: Given x2/3 + y2/3 = g?/3

Differentiating with respect to 'x’

§X2/3_1 + §y2/3_1.;l_i7 =0 [ :_x(xn) — nxn—l] [ ;_x(y)n — nyn—l_z_i’] [ ;_x(x) — 0]
= gx_1/3 + 23’_1/3-;%] =0= gy_l/B.Z—z = —%x_1/3

27 _ 1. m
e LR I R S [

16. If y = acosx + (b + 2x)sinx, then show that y" + y = 4 cosx.
Sol: Given y = acosx + (b + 2x)sinx

Differentiation with respect to x on both sides

y' = a(cosx)" + (b + 2x)(sinx)" + sinx(b + 2x)’ [+ (uv) = uv’ + vu']

, . . d . d, .
=y’ = a(—sinx) + (b + 2x)cosx + sinx(2) [E (cosx) = —smx] [E (sinx) = cosx]
= y' = —asinx + b + 2xcosx + 2sinx

Again differentiation with respect to x on both sides

= y" = —acosx + (b + 2x)(—sinx) + cosx(2) + 2cosx [+ (uv) = uv' +vu'|
= y" = —acosx — (b + 2x)sinx + 4cosx

= y" = —[acos + (b + 2x)sinx] + 4cosx

=>y" = —y + 4cosx=>y" +y = 4cosx

17.1f x = 3cost — 2cos3t, y = 3sint — 2sin3t, then find Z—Z .
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Sol: Given x = 3cost — 2cos3t, y = 3sint — 2sin3t

Now, x = 3cost — 2cos3t

Differentiation with respect to ‘t' we get

d . . d d .
= = _3sint — 2.3cos%t(—sint) [ —(x") = nx"‘l] [ — (cosx) = —smx]
dt dx dx
d . . d .
= d—f = 6sintcos’t — 3sint = d—’; = 3sint(2cos?*t — 1)
dx

= — = 3sint cos2t
dt
Also y = 3sint — 2sin3t
Differentiation with respect to ‘t' we get
d . d _ a , .
d—f = 3cost — 2.3sin?t(cost) [ ;(x") = nx" 1] [ a(smx) = cosx]

a . d .
= d—f = 3cost — 6costsin’t = d—f = 3cost(t — 2sin’t)

= Z—Z = 3cost cos2t [+ 1 — 2sin’A = cos24]

d dy/dt 3costcos2t
dy _ dy/dt _ 3 = cott
dx dx/dt 3sintcot2t

LEVEL -1, 7Marks

2

1. fVI=x2+/1—y? = a(x — y) then show that 2 = |==

1-x2"

Sol: Givenv1 —x2 4+ /1 —y2 = a(x — y)

Put x = sinf, and y = sinf, = 6, = sin"x, 6, = sin” 'y

Now \/1 — sin%6, + \/1 — sin?0, = a(sinf; — sinb,)

= \Jc0s20; + \/cos20, = a(sinf; — sinb,) [+ 1 —sin%0 = cos?0]
= cosf, + cosO, = a(sinf; — sinb,) [ Vaz = |a|]

0,+6 6,6 0,+6,1 . [6,-6
:»Zcos[ 12 2] cos[ 12 2] = aZCos[ 12 2] sm[ 12 2]

91-92]
2
91-92]
2

COS[

sin@

= cot@]

6,-6 cos0
=a:>cot[—12 2]=a [

sin[
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= 91;92 = cot™(a) = 6, — 0, = 2cot™(a) [+ 6, = sin"1x; 6, = sin~1y]

= sin"lx — sin~ly = 2cot1(a)

Differentiating with respect to x

SR [+ = ] [+ 00 =0

1 dy 1 => 1/1y 1-y?

1-y2dx  Vi-x2 1-x2
2. Ify=tan ‘1[ Ltx Vi x]for0<|x|<1 fmddy.

Vit+x24+V1-x2

. H — -1 )22 TR
Sol: Giveny = tan [m_m

Substitute x? = cos26 :% cos 1x?

\/1+c0520+\/1—c0526]
V1+cos260—/1—-cos26

We gety = tan™! [

_1 |V2cos26+v2sin?0 |

V2c0520 —v2sinZ0 [ 14 cos2A = 2cos?A] [+ 1 — cos2A = 2sin?A]

_1 [V2(cos8+sind) [cos@(1+tan6)]
— 1 - 7
y = tan [ﬁ(cos@—sin@) = tan cos@(1—tan@)
=tan~! [tan (E + 0)] =240 [ LHand _ yan (E + 9)] [tan~1(tand) = 6]
4 4 1-tanf 4

e, 1 —1(42
ny=,+5cos (x?)

Differentiating with respect to 'x’ we get

dx Vi

—-X

b

1-x
3. If y = xta" 4 (sinx)c°s*, find Z—z.
Sol: Given y = x4 + (sinx)cos*
Let y; = x'9"* and y, = (sinx)*** theny =y, + v,

Differentiating with respect to 'x’ on both sides
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@_ (1)
dx - dx dx

yl — xtanx
Applying log on both sides, logy, = log(xte"*)

= logy, = tanx.logx [+ logx™ = nlogx]

Differentiating with respective 'x’ on both sides

1 a a o R ,
X gy = tanx (logx) + logx — (tanx) [+ (uv) = uv' +vu'l
d t d 1 d
% =y [ a;x + secleogx] [ ;(logx) = ;] [ = (tanx) = seczx]

dy tanx
1 _ tanx [

Ix —— +sec’x. logx] —————— (2)

y, = (sinx)os®

Applying log on both sides, y, = log(sinx)©°s*
= logy, = cosx.log(sinx)

Differentiating with respective 'x" on both sides

i dﬂ = i [ [ i A I = ! !
S ax = COSX [log(sinx)] + log(sinx) — (cosx) [+ (uv) = uv' + vu']
L 22— sy [L X cosx] — sinx log(sinx)
y, dx sinx
dys _ . ] .
=Y [cosx cotx — sinx log(sinx)]
= % = (sinx)“%*[cosx. cotx — sinx log(sinx)] --------- (3)

Substituting (2) & (3) in equation (1) we get

d . . .
ﬁ = xtanx [m% + sec?x.x logx] + (sinx)°s* [cosx. cotx — sinx log(sinx)]

4. Find the derivative of (sinx)!?9* + xS"* with respective of x.
Sol: Let y = (sinx)!09% + xsinx
Now let y; = (sinx)9%, y, = x5 then

Yy=y1tY2
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@_d W (1)
dx - dx dx

Nowy, = (sinx)©9*
Taking log on both sides, logy, = log(sinx)'°9*
= logy, = logx log(sinx) [+ logx™ =nlogx]

Differentiating both sides with respect to x then

d d ,
& (logy,) = & (logx log(sinx))

> ;i—l % = logx :—x (log(sinx)) + log(sinx);—x(logX) [+ (wv) = wv' +vu']

= i % = logxﬁcosx + log(sinx)i [ ;—xlog(x) = ﬂ [ ;—x(sinx) = COSX]
= % =y [logx cotx + @] [ Zf:;c = cotx]

= % = (sinx)09* [cotx logx + log(iinx)] (2)

Taking log on both sides, logy, = logxS™ = logy, = sinx logx

Differentiating both sides with respect to x then :—x(logyz) = ;—x(sinx. logx)

1 A2 iy & 4 (s
= Sy ax = Sinx (logx) + logx ™ (sinx)

d .1
= % =y, [smx.; + logx. cosx]

d ina [si
= 22 = (x)sin> [% + logx. cosx] ——————————— (3)

Substitute (2) and (3) in (1)

Z—z = (sinx)9* [cotx logx + %log(sinx)] + xSinx [% + logx cosx]
5. 1 x¥ +y* = a? then show that & = — [22 "+ egy]
. dx xYlogx+xy*~1]"

Sol: Lety; = x¥Y and y, = y*
Then given equationis y; + y, = a?

Differentiating with respect to x we get
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Now y; = x?¥
Applying log on both sides logy, = logx”
logy, =y logx [+ logx™ =nlogx]

Differentiating with respect to x

Ldyn _a 1t _ 4 24 . P it '
o ax = ax [y logx] = " —ydx(logx)+logx><dx [+ (uv) = uv' + vu']
1dys _ 1 4 . 4 1
Yy, dx _yx+logxdx [ dxlog(x)_x]
D [X+lo xd—y]z@=xy[z+lo xd—y]
dx Y1 X 9 dx dx X 9 dx
v _ L y-1 ay Lot me
— =xY"hLy+xV.logx — (2) [ = a™ "]
Also y, = y*

Applying log on both sides, logy, = logy* = logy, = x logy [+ logx™ = nlogx]

Differentiating both sides with respect to x

1dy, 4 1dy, _ d ay

e x[x logy] =>y2 =X (logy)+logy><dx (x)

1 dy, 1ldy dy, _ x dy

v = Xyax tlogy.1=>-_">=1, [y—dx + logy]

ay2 _ x dy A2 _ ox-1 W o x g
= = = y* [ydx + logy] == = y* X +y*.logy (3)

Substitute (2) and (3) in (1)

-1 4y -1, % =
xY Ly +xY.logx ™ +y* X — + y*.logy =0
> Z—z(xylogx + x¥71x) = —(y*logy + x¥"1y)

d —(y*logy+x¥~1
o by _ —(rTlogy+x¥7Ty)

dx (xYiogx+x¥Y~1x) *

6. If y =xvVa? +x2 + a? log(x + Va2 + x2) then prove that Z—z = 2vVa? + x2.

Sol: Given'y = xvVaZ + x% + a? log(x + Va2 + x2)

124




TSWREIS
Differentiating with respect to x on both sides

Z—z Va? +x2 == d(x) x;—x(\/az +x2) + az.;—xlog(x +VaZ + x2) [+ (wv) = uv' +
vu']

=+vVa?+x?+x. NT + a?. X+de(log(x+\/a2 +x ))

ST el fo-d

& _ [ 2 x? a? [ ]
zdx_ a® +x°+ az+x2+x+\/a2+x2 1+ 2vVaZ+x2 dx (Cl +X)

= = vaitxtt Va 2+x2 x+\/zz+x2 E + 2\/:1214-—x2 (ZX)]
= =va? +x*+ Va 2+x2 x+\/z 2442 \/ﬁ:x]

m+\/2+2 \/a+2_m+\/—
=JT+V_ [ a = Vavad]

2 =VaZ+x2+Va? + x2 = 2Va? + x2

7. If x¥ = y* then show that & = 2(&legy=y)
dx x(ylogx x)

Sol: Given x¥ = y*
Applying log on both sides, logxY = logy* = y logx = x logy
Differentiating with respect to x on both sides
y;—x(logx) + logx:—x (y) = x(j—x (logy) + logy;—x(x) [+ (uv) = uv' +vu'|
= yi + logx.i—z = x.%.j—z +logy.1

dy logx {] _logx y

1 y 1 x

d
:»%+l0gx.£ 5" +l0gy:>

dy [y logx—x] _ Xxlogy-y _, dy _ y(xlogy-y)
dx y x dx x(y logx—x)

8. If x1°9Y = logx then show that & = 2 [1-logx logy]
dx X log“x

Sol: Given x%°9Y = logx
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Take ‘log’ on both sides, log(x!°9Y) = log(logx)

= logy.logx = log(logx)

Differentiating with respect to x we get

d d d
logy.— (logx) + logx—(logy) = — (log(logx))

N logxd_y _ 1 logy

y dx x logx x
. logxd_y __ 1-logxlogy N d_y _ X(l—logx logy)
y dx x logx dx x log2x

7 Marks LEVEL - 2

1. fa>b>0and0<x <m f(x)=(a? — b?)"Y2 cos? (a Cosx+b) then f'(x) = (a + b cosx)™!

a+b cosx

Sol: Let f(x) = (a? — b2)™1/2,cos™? (acosx+b)

a+b cosx

Differentiating with respect to x we get

o= et s (]

a+b cosx

_ (az _ bz)_l/z b+a cosx]' [ d

-1 [
1 (b+a COSX)Z a+b cosx
\l a+bcosx

(a+bcosx)(b+acosx)'—(b+acosx) (a+bcosx)']

2 _ p2y-1/2 -1 v [
(a b ) l (b+a cosx)? (a+bcosx)?
1_7
(a+bcosx)?

_ 2 _ p2y-1/2 (a+bcosx) (b+acosx)(—bsinx)—(a+bcosx)(—asinx)
= (a* - b?) X
J(a+bcosx)2—(b+acosx)? (a+bcosx)?

vaZ2+b2cos2x+2abcosx—b2—a2cos2x—2abcosx

_ (az _ bz)_l/z I (a+bcosx)

[—bzsinx—absinxcosx+azsinx+absinxcosx]
(a+bcosx)?

— (2 — p2)-1/2 (a?-b?)sinx
(a b ) [(a+bcosx)\/(a2—b2)(1—cosZx)
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va2-b2va%-b? sinx

— (a2 — h2)~1/2
(a+bcosx) +/(a®-b?) sinx
(a2-b2)"?(a2-p2)"/? 1
- (a+bcosx) h (a+bcosx)?

f'(x) = (a+ bcosx)™t

I fx) = sm‘l\F and g(x) = tan™ 1\/7 then show that f'(x) = g'(x) (B < x < a)

Sol: Given f(x) = sin™! /g

Differentiating with respect to x on both sides

f@) = ——=r| [
NS [

, 1 1 d [x-p
= f'(x) = X — ]
2 2(x-p dx la-p
-B NPy
/%_[\/Z——B] «p
_ a—f 1
= f'(x) = J“ — sz_ﬁ X
a-p

JTB o T 1 _
= f1(0) = Y xS x 20 5 () = s (1)

glx) = tan‘1< %)

X

Differentiating with respect to x on both sides

g'(x) = —[T[érj—x [J%

1 1 d x—f
:>g'(x)_1+x ﬁX = = —]
1 a—x /a x

] 1 Va—x |(a—x) x(x B)—-(x=B)7 (06 x)
ﬁg(x)_ax+xﬁ \/— 4 (a x)z

, _ (a=x)Va—x [a—x+x—f
=g'(x) = (a-B)Jx-B [ (a—x)? ]
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, _ (a—x)Va—x (a—B) , _ va—x
=90 = e N amr =~ IO T e

1

=9'0) = =5

(2)

From (1) and (2), f'(x) = g'(x)

2x 3

1-x2

3x—x
1-3x2

4x—4x3
1-6x2+x*

1
1+x2

3. Ify=tan™t [ ] +tan™?! [ ] —tan™?! ] then show that Z—z =

Sol: Giveny = tan™ [ 2 ] + tan™! [3x-x3] _ tan-! [ 4x—4x3 ]

1-x2 1-3x2 1-6x2+x*
Put x = tanf = 6 = tan™(x)

2 tanf
1-tan26

_ 3 tanf—tan36 _ 4tand—4tan36
y=tan1[ —]—ta 1[ ]

] +tan™? [ 1-3tan?6 1-6tan?6+tan*6
= y = tan"1(tan20) + tan~'(tan30) — tan~1(tan40)

>y =120+360—460 =560 —40

>y=0=tan"'x

Differentiating with respect to 'x’ we get

dy 1
dx  1+x2

4. Find the derivative of f(x) = tan™! (12x ) with respect to g(x) = sin™? ( 2x )

-x2 1+x2

Sol: Given f(x) = tan™?! (Z—x)

1-x2

Putx = tanf = 0 = tan x

f(x) = tan™t (M)

1-tan?0
= f(x) = tan"(tan20) = 26
= f(x) = 2tan"x

Differentiating with respect to 'x’

1
1+x2

2
1+x2

f'(x)=2x = f'(x) =

900 = sin™t (753)

Put x =tanf = 0 = tan x
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g(x) _ sin‘l( 2 tanf )

1+tan?6
= g(x) = sin"1(sin20) = 26
= g(x) = 2tan™'x

Differentiating with respect to 'x’

1 2

g (x) =2X 1+4x2 =9 (X) = 1+x2
10
X) _ 1+x2 —
Now prres i 1

d’y _ h%-ab

5 Ifax?+ thy + by2 =1 then prove that Pl (hx+by)?"

Sol: Given ax? + 2hxy + by? = 1
Differentiating with respect to x on both sides
a:—x(xz) + Zh:—x9x.y) + b:—x(yz) = ;—x(l)
a(2x) + Zh[xz—z+y] + 2by % =0
= 2ax + th% + 2hy + Zby% =0

:>2(ax+by)+2§—i’(hx+by) =0

d_y __ —(ax+by) (])

dx hx+by

Again Differentiating with respect to "x" on both sides

d [dy] _ d [(ax+by)
dx Lax] — dx L hx+by

d d
d2y l(hx+by)a(ax+by)—(ax+by)a(hx+by)l
dx?

(hx+by)?

X. X.

(hx+by)?

_ l(hx+by) [a+h%] —(ax+by) [h+b%]l

24y Y _pax—bax® —n2y_npy®
hax+h dxxx+aby+hbydx hax baxdx hey hbydx
(hx+by)?

_ %(hzx—bax)ﬂ/(ab—hz)
(hx+by)?
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—(ax+by)
hx+by

(h2-bax)+

y(ab—h?)
1

(hx+by)?

[+ from eq (1)]

_ _ —(ax+by) (h2x-bax)+y(ab—h?)(hx+by)

(hx+by)?

_ [hz(ax2+by2+hxy+hxy)+ab(ax2+by2+hxy+hxy) ]

(hx+by)3

[hz(ax2+2hxy+ by?)—ab(ax?++2hxy+by?) ]
(hx+by)3

_ (ax*+2hxy+by?)(h*-ab)

(hx+by)?

d?y

dx2

h?—ab
(hx+by)3

[+ given ax? + 2hxy + by? = 1]
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10. APPLICATION OF DERIVATIVES

10.1 ERRORS AND APPROXIMATIONS
Synopsis point

» Ify = f(x) is a differentiable function of x and
Ax - change in x, then actual change in y is
Ay = f(x + Ax) — f(x); dy = f'(x)Ax
> Approximations:- The approximate value of f(x) in Ax neighborhood of known x is
flx +Ax) = f(x) + f'(x)Ax.
(Ax = given value of x — known value of x
» Ifiny = f(x), an error Ax occurs in x then

(i) Ay is called errorin y.

o Ay . . .
(ii) 73’ is called relative errorin y.

(iii) Ay—y x 100 is called percentage erroriny.

LEVEL -1
1. Ify =x%+3x+ 6 then find Ay and dy when x = 10,Ax = 0.01.
Sol: Giveny =x%2+3x +6, x =10, Ax = 0.01
(i) Ay = f(x + Ax) — f(x)
=(x+A8x)2+3(x+Ax)+ 6 — (x?+3x+6)
=x2+ 2xAx + (Ax)> +3x+3Ax+6—x%2—-3x—6
= 2xAx + (Ax)? + 3Ax = Ax(2x + Ax + 3)
=0.01[2(10) + 0.01 + 3]
= (0.01)(23.01) = 0.2301
(i) dy = f'(x)Ax = (2x + 3)Ax = [2(10) + 3](0.01) = 23(0.01) = 0.23
2. Find Ay and dy for the function y = x? + x, when x = 10, Ax = 0.1
Sol: Lety=f(x)=x?+x, x=10, Ax=0.1
(i) &y = f(x + Ax) — f(x)

131




TSWREIS
=+ Ax)*+ (x+Ax) —x*—x

=x? 4+ 2xAx + (Ax)? + Ax —x?> — x
= Ax(Ax + 2x 4+ 1) = 0.01(0.1 + 2(10) + 1)
=(0.1)(0.1 4+ 21) = (0.1)(21.1) = 2.11
(i) dy = f'(x)Ax = (2x + 1)Ax
=[2(10) + 1)]0.1 = 21(0.1) = 2.1
3. Find Ay and dy for the function y = 1/(x + 2), where x = 8, Ax = 0.02
Sol: Lety = f(x) = x—iz and x =8, Ax = 0.02

1 1

(x+Ax)+2 x+2

(i) Ay = f(x + Ax) — f(x) =

1 11 1

T 840.0242 8+2 1002 10

4. Find the approximate value of v/82.
Sol: V82 =81+ 1
-~ Known value x =81 and Ax =1
Let f(x) =vVx = f'(x) = %
~ approximate value is given by
fOc+8x) = [f(x) + f'(x)AX] at known x

.-.vs—:(&JriAx
2\Vx

Vx )at known x=81

_ 1

= Vet (M)

=94+ =9+-L=940.0555=9.0555
2(9) 18

5. Find the approximate value of V/65.

Sol: /65 = /64 + 1

Known value x = 64 and Ax = 1
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Let f(x) =Vx=x3 = f'(x) = éxi_l = éx_E =5

~ approximate value in given by
f(x + Ax) = [f(x) + f’(x)Ax]at known x

- /65 = Yx +——Ax = V64 + —— (1)

2/3 2
3x 3(64)3

1 1 1
=4 1) =4 =4
* 3(643)§( ) * 3(4%) * 3(16)

1 _ 192+1 _ 193

— =4.0208

=4+ =
48 48 48

6. If the increase in the side of a square is 4% then find the approximate percentage of
increase in the area of square.

Sol: let x is the side of the square
Given = x 100 = 4
Area of the square A = x?
= logA = logx? = 2logx
= ~dA =2~ dx
> 2% 100=2x100 =2(4) =8

7. If the increase in the side of a square is 2% then find the approximate percentage of
increase in the area of the square.

Sol: let x is the side of the square
Given = x 100 = 2
Area of the square A = x?
= logA = logx? = 2logx
~ logA =2 logx :>%dA=2% dx

=2 x100=27x100 =2(2) = 4
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8. The side of a square is increased from 3cm to 3.01cm. find the approximate increase

in the area of the square.
Sol: Let x denotes the side of the square
x =3 and Ax =3.01 -3 =0.01
Area of the square 4 = x?
= AA = Z—;‘Ax = (2x)Ax
=2(3)(0.01) = 0.06s5g. units

9. If the radius of the sphere is increased from 7cm to 7.02cm then find the approximate

increase in the volume of the sphere.
Sol: Let r =radius of the sphere

r=7cmand Ar =7.02—7 =0.02cm

Volume of the sphere v = gnr3
= Av = d—vAr
dr

= gn(3r2)Ar = 4nr?Ar

_ 4EDOOD) _ 45 39 s
7 .

LEVEL - 2
1. y = cosx then find Ay and dy when x = 60° and Ax = 1° = 0.0174.
Sol: Ay = f(x + Ax) — f(x)
= c0s(60° + 1°) — cos60° = cos61° — c0s60° [ cos1® = 0.4848]

~ Ay = 0.4848 — % = 0.4848 — 0.5 = —-0.0152

(i) dy = f'(x)Ax = (=sinx)Ax = (=sin60°)(1°) = (—) (0.0174)
= (~0.8660)(0.0174) = —0.01506

2. Find the approximate value of ¥/999.
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Sol: /999 = Y1000 — 1

Known value x = 1000 and Ax = —1
3 1 ' 1 14 1

Let f(x) = Vx = x3 =>f(x)=5x3 S p

3x3

~ approximate value in given by

flx+Ax) = [f(x) + f'(x0)Ax] 4t known x

~3/999 = x +——Ax = Y1000 + —— (—1)
3x2/3 3(1000)3
1 1 L
=1 -1) =10 - =10 -
0t 3(103)§ =D 0 3(10%) 0 3(100)

10 —— = 10 — 0.0033 = 9.9969
300

3. Find the approximate value of V/7.8.

Sol: ¥7.8 =3/8—-10.2

Known value x = 8 and Ax = —0.2

1
—— j— 1
3 1 =-X 3 =—

LeTf(x)=§/§=x§ =>f’(x)=§x - p
3x3

~ approximate value in given by

f(x + Ax) = [f(x) + f’(x)Ax]at known x

3V 65 = % + 3,35;2/3Ax = % + 3(:)5 (=0.2)

1 0.2 0.2
=2- 02)=2- =2-—=
3(23)§ (0.2) 3(22) 12

=2—-0.0166 = 1.9834

4. Find the approximate value of sin62°.

Sol: sin62° = sin(60° + 2°) known value x = 60° and

Ax = 2°—2(0.0174)°
Let f(x) = sinx = f'(x) = cosx

~ approximate value is given by
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f(x + AX) = [f(x) + f’(x)Ax]atknownx

sin62° = (sinx + cosx Ax) at x = 60°

= sin60° + cos60° x 2°

= lx0 =8 142 %0.0174
2 2 2 2
= 0.8660 + 0.0174 = 0.8834
5. The time 't’ of a complete oscillation of a simple pendulum of length lis given by t =

Zﬂ\g where g is gravitational constant. Find the approximate percentage of error in

't'when the percentage of errorin l is 1%.

Sol: Given that % x 100 =1 Given equationist = Zn\/g

=2 7]

7 [ gis constant]

= logt = log\z/—g + logV1 [ logab = loga + logb]
= logt = log\z/—g+ %logl

S>>dt =04+ - -dl
t 21

N | =
N |-

:%x 100 = %dlxlOO =§(1)=

PRACTICE QUESTIONS

1. Ify =5x2+ 6x+ 6, item find Ay and dy when x = 2, Ax = 0.001 [Ans: 0.026005, 0.026]

2. Find the approximate value of v/25.001. [Ans: 5..0001]

3. Find the approximate value of ¥17. [Ans: 2.0312]

4. The diameter of a sphere in measured to 40 cm. If an error of 0.02cm is made in 14,
then find approximate errors in volume and surface are of the sphere. [Ans: 1.6m
sg. cm]

5. Ify = f(x) = Kx™ then show that the approximate relative error (or increase) in yis n

times. The relative error (or increase) in x where n and K are constants.
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10.2 TANGENT AND NORMAL (1x4=4M,1 x7 =7M)

SYNOPSIS POINTS

» Tangent: The tangent is a straight line which just touches the curve at a given point.
» NormType equation here.al: The normal is a straight line which is perpendicular to the

tfangent.

» If P(xy,y,) is a point on y = f(x) then slope of the tangent at Pis m = (Z—z) .
P(x1,y1

> If P(xq,y,) is a point of intersection of the curves f(x), g(x) and @ is the angle between

the two curves then tanf = % where m; = f'(x) or% [ at (xq,y1)]
’ dg
m, = g'(x) (or) [+ af (xg, y1)]

Nofe: mi = mo = the two curves touch each other af (x4, y;)

mimz = -1 = the two curves cut orthogonally.

» If P(x4,y,) is a point on the curve y = f(x) and m = % at (xq,y,) then

(i) Length of the tangent to the curve at P(xy,y;) is

y1V1+m?2
m

(i) Length of the normal to the curve at P(xy,y;) is |y V1 + m2|.

(i) Length of the sub tangent to the curve at P(xy,y;) is

Y1
m

(iv) Length of subnormal to the curve at P(xq,y,) is |y,m|
LEVEL — 1 SAQ (4M)
1. Find the equations of the tangent and normal to the curve xy = 10 at (2, 5).

Sol: Given curve is xy = 10, let P(2, 5) be the given points
Differentiating w.r.t. 'x’ xZ—z +y=0

ay _ ¥

dx m

(i) Slope of the tangent at P(2, 5) is

-5

2

_ %y
_dx

my
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(i) Equation of the tangent with slope m; = _75 at P(2, 5) point is

y—y1 =my(x —xq)
=>(-5=7G-2)
=5x+2y—20=0

-1 2

(iii) Slope of the normal is m, = — =

(iv) equation of the normal at (2, 5) with slope m, = § is
y =y =my(x —x,)
> (y-5=2(x-2)
=>2x—5y+21=0
2. Find the equations of the tangent and the normal to the curve y* = ax? at (a,a).
Sol: Given curve is y* = ax3

Different w.r.t. we get 43’33_3: = 3ax?

dy _ 3ax?

dx ~ 4y3
. . _3a(a?®) _ 3
(i) Slope of the tangent at (a,a) ism = T

(i) Equation of the tangent at (a,a), m = % isy—y, =m(x —x,)
3
=»y-—a=,;(x-a)
=>3x—4y+a=0

(iii) Slope of the normal is _Zl = _Tl = _?4
4

(iv) Equation of the normal at (a, a), slope m = %‘ is
y —y1 =m(x —x;)
-4
»y-—a=—(x-a)

=>4x+3y—7a=0
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3. Find the equation of the tangent to the curve y = 3x%2 — x3, where it meets the x-axis.

Sol: Equation of x-axisis y = 0
Given curve is y = 3x? — x3
To find the point of intersection of the line y = 0 and y = 3x2? — x3
Puty=0iny =3x?—x3
=>3x2—-x3=0
=2x?’B3-x)=0 =2x=0, x=3
=~ Points are P(0, 0), Q(3, 0)
(a) Equation of tangent at P(0, 0O)
Slope m =2| = (6x —3x%)| =0 [at P(0, 0)]
Equation of tangent at P(0, 0) and slope m =0'is
Y=y =m(x - xp)
>y-0=0x—-0)=2y=0
(b) Equation of tangent at P(3, 0).
Slope m =2| = (6x —3x?)| = 1827 = -9 [at P(3, 0)]
Equation of tangent at P(3, 0), slope m = -9 is
Y=y =m(x—xy)
=y—0=-9(x—3)
>9%x+y—-27=0

4. Show that the equation of the tangent to the curve (g)n + (%)n =2(a+0,b+0)atthe
point (a, b) is

XY
t4+2=2.

n n
Sol: The given equation is (E) + (%) =2= ainx" +biny" =2 - (1)

; i~ a1 n-1_,4 1 n-19 _
Differentiating w.rt. x’ = n.x" + Zn.y"™ —= =0
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St T @) 2=0
S OO

Slope of the tangent at (a, b) is m =

2= OO e

am=—
a

equation of tangent with slope %b at the point (a, b) is

y—b=_7b(x—a)=>ay—ab=—bx+ab=»bx+ay=2ab

bx ay X Yy
5>—4+—=—=2=>=-4+==2.
ab+ab a+b

5. Show that the tangent at any point 8 on the curve x = ¢ cosf, y = c tan is y sinf = x —
c cos6.

Sol: Slope of the tangent at any point 6, (¢ sech, c tanf) on the curve is

d
_dy _ dy/d8 _ gg(ctan8)  csec?d

=== = = = cosecH
dx dx/dé %(c sech) c sec tan@

= The equation of the tangent with slope cosecd at 8 (¢ sec, ¢ tand) is

y — c tanf = cosecl(x — c secO)

sin@ 1 c
Sy ()

cos8  sin@ cosO
N ycosf—csinf _ 1 (x cosB—c)
cosf " sind cos@

= y sinf cosf — c sin?0 = x cosh — ¢

= x cosO — y sinf cosO — c(1 — sin?0) =0
= x cosO — y sinf cosO — c(cos?0) =0
=c0s0 (x — y sinf — c cosf) =0
=>x—ysind —ccosfd =0

= y sinf = x — cosf
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6. Find lengths of normal and subnormal at a point on the y = %(ex/“ +e7¥/a),

Sol: Given that y = %(exm + e7/a)
=a (—eX/a+e_x/a) =a cosh (E)

2

:zz—asmh( ) ——smh()

(i) length of normal = ‘ f dx

= |a cosh (E) . [1+ sinh? G)‘

= |a cosh (E) .cosh (§)|

X
= |a cosh? Z|

(i) Length of the subnormal = |y Z—i’| = |a cosh% sinhﬂ
=2 2 sinh~ cosh* = |2 sinh =
2 a a 2 a
7. Find the value of K, so that the length of the subnormal at any point on the curve y =
al~%xKis a constant.
Sol: Given curve is y = al~%xX
Differentfiating w.r.t. 'x’

a _ _
2 = ql-K g xK-1
dx

The length of the subnormal at point P(x, y) is
=y 2| = ly &% k.x1
— |a1—K.xK al—K(K)xK—ll

= |Ka?~2K x2K-1|

is‘a’ constantis 2K — 1 = 0:>K=%
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PRACTICE QUESTIONS (4 Marks)

1. Find thee equations of tangent and the normal to the curve y = x3 + 4x2 at (-1, 3).

2. Show that the curves x? + y2 = 2, 3x%? + y? = 4x have a common tangent at the point

(1,1).

3. Find the equation of tangent and normal to the curve x = cost, y = sint at t = %

4. Show that the length of subnormal at any point on the curve xy = a? varies as the

cube of the ordinate of the point.

LAQ (7 Marks)

1 1

1. Show that the tangent at P(xy,y;,) on the curve vx +./y =Vais xx, > +yy, 2 = a

N | =

Sol: Given curve is Vx +,/y = Va -——--- (1)

Let P(x,,y,) be a point on the curve (1)

Differentiating (1) w.r.t. 'x’ =X, +y =Va (2)
I S A
2% 24y dx
Ay _ 1
24y dx  2Jx
dy _ 22y _ VY
dx  2vx  x
oAyl _ Vo
Slope m at P(x4,y,) is o Ry
equation of the tangent at P(x;,y;) min slope m = % is
1
y—y =mlx —xy)
_ Wi
=y-—n=_=G-x)
yoy1 _—(x=x1) ¥y oy _ X | X1
= V1 Va1 :>\/E V1 X1 + X1
X Y _ %0
Vai o Vv Vo
= x(xl_l/z) + y(yl_l/z) =V, +/y1 =Va [ from (2)]

= locus of P(xy,y,) is Vx + [y =Va
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2. If the tangent at a point on the curve x?/3 + y?/3 = q?/3 intersects the coordinate axes

in A, B then show that the length AB is constant.
Sol: Given curve is x%/3 + y?/3 = q?/3 —— (1)
Let P(a cos30, asin36) any point on the curve (1)

~Xx = acos30 = Z—z = 3a cos?0(—sinf) Differentiating w.r.t. 6

. a .
y = asin30 = % = 3a sin? cosO

(i) Slope of the tangent ‘m’at P(6) is

dy _ dy/dd _  3asin®6 cosd _ —sinf
de  dx/df 3a cos?0 sinf cos@

(i) equation tangent at P(0) is

y =y =m(x —xq)

—sin6

osinb 3
o0 (x — acos30)

=y —asin30 =
= (y — asin®)cosh = —sinf((x — a cos38))

= y cosf — asin30 cosd = —xsinf + a sinf cos>0
= x sinf + ycosO = a sinf cos30 + a sin36 cosO
= x sinf + ycosO = a sinf cosO (cos?0 + sin?0)

= x sinf + ycos6 = a sin cosO w c0s%0 + asin?6 =1

x sin6 y cosO

a sin6 cos6 a sin6 cosf

X y -1
a cos6 a sin6

=~ Ala cos8,0),B(0, a sind)

~ AB = \/(a cosf —0)2 + (0 + a sinb)?

=+/a? cos?0 + a? sin?6

= \/az(cosze + sin?0) =vVa?=a
~ AB = a is a constant
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3. If the tangent at any point P on the curve x™y™ = a™*", mn # 0 meets the coordinate

axes in A, B then show that AP : BP is a constant.
Sol: Given curve is x™y™ = g™*" - (1)
Let P (x4, y,) be any point on the curve

Differentiating eq(1) w.r.t. 'x’

x™ (ny”‘1 Z—z) +y*(mx™ 1) =0

Sy _ cmytaE om (z)
dx ~ nxmyn-1 T o \x
d -
~ slope of the curve m = —y| == (&) (at (1, 1))
dx n \xq

Equation of the tangent at P (x;, ;) with slope — (y—l) is

n X1

=y = Z(2) = x)

= nx, (y —y1) = —my; (x — x;)
= (myl)x + (nx1)y — X1)1 n+m) =0 - (2)
x — intercept of the line (2) is CZZ;‘;??;;?;@ — w;g:m)
1

= Ala, 0) = (24 o)

y —intercept of the line (2) is <2istantterm  _ Xaya (ntm)

coefficient of y nxq

= B(0, q) = (o@)

P (xy,y1) = AP:PB=(a—1x;): (6 —0) = (22— y ) (6, — 0)

_ mxi+nxi—mxq nxq n _
=——1 L.y =—ix;=—:1=n:m
m m m

~ AP : PB = n:m which is a constant.

4. At any point t on the curve x = a(t + sint), y = a(1 — cost) find the lengths of tangent,

normal, subtangent and subnormal.
. . . d d .
Sol: Given curve is x = a(t + sint) = ﬁ = a —(t + sint)
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dx

~— = a(1l+ cost) differentiating w.r.t. ‘t’

- _ Y_nL_
y =a(1l —cost) = -4 (1 — cost)
d .
=2 = gsint
dt

_dy _dy/dt _ asint
Slope of the tangent m = dx  dx/dt  a(l+cost)

i Zsinlcost
sint 5:€053

= tan®
1+cost 2c052§ 2

a(1—cost) 1+tan%

t
tan;

(i) length of the tangent = |2 11::"’2

t

. ot 1 cosy
a2sin®-.—. —2
2 cos;  sing

.t
= |2a smg|

(i) Length of the normal = |yV1 + m2| = |a(1 — cost) |1+ tan%

. t t . t 1
|a25m2—.. sec-| = |a 2sin?-.—
2 2 2 ¢

|2a sint cos£|
2 2
(iii) Length of the subtangent = |%|

_ la(1—cost)
= |—F
tanz

. t t
= |a 2sin?-. cot—l
2 2

t
_ ot COS3 ot t
=2a2sin’?- —%= |a ZSm—.cos—l
2 sinE 2 2

= |a sint|
(iv) Length of sub normal = |ym| = |a(1 - cost)tan§|
_ .ot t
= |a (Zsm E).tan5|

. t t
= |2a smz—.tan—|
2 2
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5. Find the angle between the curves xy = 2 and x2 + 4y = 0.

Sol: Given curves xy =2 - (1)

Point of intersection of (1) & (2)
_ 2 2 2\ _
)=y=2 c@=x+4(%=0

x348
x

=0=2>x3+8=0>x=-2

2 2
..y—;——z——l

=~ Point of intersection is P(-2, -1)

2 dy -2 dy -2 -1
xy:Zﬂy:; i;:x—z.’.m1=;=—(_2)2=— (GT-Q,-])
X2 +4y=0=20+42=0>x+22 =02 ==

S _ 2 _ 9 -
m=2] = 2=1 (at -2, -1)

If 6 is the angle between the curves (1) & (2) at P then

1 3
_ 1 3
tan = |2 | = 2 = _2 = |-3| =3
1+m1m2 1+(_EX1) E
L0 =tan" 13

6. Show that curves y? = 4(x + 1), y? = 36(9 — x) intersect orthogonally.

Sol: Given curves y2 = 4(x + 1) - (1)

Point of intersection of (1) & (2)
y2=4(x+1), y* =36(9—x)
4(x+1) =36(9—x)
>x+1=909—x)

= 10x=80 =>x=28
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Putx=8iny?=4(x+1)>y?=4(8+1) =36

~ Points of intersection are P(8, 6), Q(8, -4)

(i) At the point P(8, 6)

y2=4(x+1):2y3—z=4=>3—z=§ ————— (3)
_ (& —2_1
=M (dy)P(8’6) 6 3
0ndy2=36(9—x)=>2y3—i’=—36=*3—z=_718 ----- (4)
- (& =18 _ _
= m; = (dy)P(8‘6) 6 3

The product of slopes of tfangents at P(8, 6) is mym, = (— g) 3)
m1m2 = —1
= the given curves intersect orthogonally at P(8, 6)

(i) At the point Q(8, -6)

2 _dy

from (3)2—1:5;» my =2 = 2 - —g (at Q(8, -6))

dy -18 dy
m == ==
from (3) == my; =—~

=2=-3 (at Q(8, -6))

-6

=~ The product of slopes of tangents at Q(8, -6) is mym, = (— %) 3)
mm, = —1
~ The given curves intersect orthogonally at Q(8, -6)
7. Find the condition for the orthogonally of the curves ax? + by? = 1 and a,x? + b;y? = 1.
Sol: Given curves ax? + by? = 1 - (1)
ax?+by*=1-—--- (2)
Let P(xy,y,) be the point of intersection of (1) & (2)
(1) > ax?+ by =1
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(2) = ax?+ by =1

= ax? + by? = a;x? + b, y?

= x?(a —a;) = y£(b, — b)

x2 _ bi—b — —(b—b4) (-l)

1
= —
a—aq a—aq

Vi
Slope of tangent (1) at P(xy,y,) is

2ax+2byz—z=0=>m1=(d—y

) _axg
ax/ p(x1,1) by,

Slope of tangent (2) at P(x,,y,) is

dy dy —-aq1x1
2a,x + 2b —=O=>m=(—) = —=
1 1y dx 2 dx P(x2,2) biy1
Now, mym, = =1 (v curves intersect orthogonally)
S () () st o g s H o)
by, b1y, bbiyi i aa;

Equating (1) & (2)

bb b-b a-a b-b
= 201 N 1_ 1
aaq a—aq aa, bb,

a a _ b bl

1 1 1 1
=5 - = _ =
aq a b]_ b
1 1 1 1
aq b]_ a b

Hence proved
PRACRICE QUESTIONS
. Find the length of subtangent, sub normal at a point on the curve x = a(cost + sint),
y = a(sint — cost).
Find the length of subtangent and sub normal at a point on the curve y = b sin (2)

Find the angle between the curves x + y + 2 = 0 and x? + y? — 10y = 0.
Find the angle between the curves 2y? — 9x = 0, 3x%2 + 4y = 0.
Find the angle between the curves y? = 4x and x? + y? = 5.

Find the angle between the curves y? = 8x and 4x? + y? = 32.
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10.3 RATE MEASURE (4M)

SYNOPSIS POINTS

» Rate of change: The rate of change of a given function y = f(x) is defined as Z—z =

f'().

If x and y are varying to another variable 't" is if

_ _ dy _ dy/dt (dx
x=f(t),y=g@) then == dx/dt (dt * 0)

» Increasing and decreasing Functions:
y = f(x) is a function continuous in [a, b] and differentiable on the open interval (a, b)
then
(i) fisincreasing in [a, b], if f'(x) >0V x € (a,b)
(i) fis decreasingin [a, b], if f'(x) <0V x € (a,b)
(i) fis constantin [a, b], if f'(x) =0V x € (a,b)
» Local Maxima:
Let f(x) be a differentiable function in a giveninterval I, a € I, f'(x)., f''(x) exist at 'a’
and if
(i) f'(a) =0, f"(a) < 0then f(a) is a local maxima.
(i) f'(a) =0, f"(a) > 0 then f(a) is a local minima.
» Stationary Point:
A differentiable function f is said to be stationary at x = a if f'(a) = 0, f(a) is stationary
value and (a, f(a)) in the stationary point of f(x)at x = 0.
» Velocity and Acceleration:

If s = f(t) denotes the distance travelled by a body in time ‘t’ then (i) Velocity of the

d?s

body atf time ‘1" is V = %- (i) Acceleration of the body at time ‘t'isa = —

dt?’
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SAQ (4 Marks)
1. A particle moving along a straight line has the relation s = t3 + 2t + 3, connecting the
distance ‘s’ describe by the particle in time ‘t'. Find the velocity and acceleration of

the particle at t = 4 sec.

Sol: Givenrelation s =t3+2t+3

Differentiating with respect to 'x' v = % =3t2+2 [+ velocityv = %]

Differentiating with respect to 'x’ a = ZTZj = Z—'; = 6t (o= acceleration)

Att=4
(i) Velocity (v) = 3(4)? + 2 = 3(16) + 2 = 50 Units/Sec
(i) Acceleration a = 6(4) = 24 units/sec?

2. A particle is moving in a straight line so that after ‘t" seconds its distance s(in cms) from
a fixed point on the line is given by s = f(t) = 8t + t3. Find (i) The Velocity at time t =2

sec (i) The initial velocity (iii) acceleration at t = 2sec.

Sol: Givenrelationis s = f(t) = 8t + t3 -—-- (1)
Velocity (v)= % 8432 2)
Acceleration (a) = % = 6t ~—-—o- (3)

(i) from (2), the velocity att =2is8 + 3(4) =20 cm/sec.
(ii) from (2), the initial velocity at t = 0is 8 + 3(0) = 8 cm/sec.
(iii) from (3), the acceleration at t = 2is 6(2) = 12 ccm/sec?

3. The distance-time formula for the motion of a particle along a straight line is s = t3 —

9t2 + 24t — 18. Find when and where velocity is zero.
Sol: Given that s = t3 — 9t? + 24t — 18
= Velocity (v) = 2% = 3t — 18t + 24 = 3(t? — 6t + 8)

=3(t—2)(t—4)

If velocity iszerothen (t—2)(t—4)=0=>t=2o0r4
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~ The velocity becomes zero after 2 seconds and 4 seconds.

Ift =2thens=1t3—9t?+24t—18 =23 -9(2)% + 24(2) — 18
=8-36+48—-18=56—-54=2

Ift =4thens =t3—-9t% + 24t — 18 =43 -9(4)* +24(4) — 18
=64 —144+96—-18=160—-162 = -2

~ The particle is at a distance of 2 units on either side of the starting point.

4. A particle moving olong a line according s = f(t) = 4t3 — 3t? + 5t — 1 where s'is
measured in meters and ‘t'is measured in seconds. Find the velocity and acceleration
at time ‘t'. at what time the acceleration is zero.

Sol: Given that s = f(t) = 4t3 - 3t2+ 5t — 1

The velocity at time ‘t'is (v) = = 12¢2 — 6t + 5

dv

Acceleration af time ‘t'isa = - = 24t — 6

If accelerationis ''0'then24t—6=0=>t = %

The acceleration of the particle is zero at t = %

5. Astone is dropped in to a quiet lake and ripples move in circles at the speed of
Scm/sec. at the instant when the radius of circular ripple in 8 cm, how fast in the

enclosed area increases?

Sol: For the circle, let radius = r, area = A
. d
GivenZ =5r=8
dt

Area A = ir?  Differentiating w.r.t. ‘t'we get

Z—’: = 2me (%) = 2m(8)(5) = 80m cm?/sec.

6. The volume of a cube is increasing at a rate of 9 cubic centimeters per second. How

fast is the surface area increasing when the length of the edge is 10 centimeters.

Sol: For the cube, let length of the edge = x
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Volume =V

Surface area =S
. av
Given e 9 cm3/sec and x = 10cm

Volume of the cube V = x3

dx

Differentiating w.r.t. ‘t', we get Z—Z = 3x? —

dx dx 9 3
29=3x*->—=—==
dt dt 3x x

Surface area S = 6x? differentiating w.r.t. 't' we get

B_12xE =12« (12) =2 -2 _36cmsec.
dat dat X X 10

7. A container in the shape of an inverted cone has height 12cm and radius 6cm at the

top. If it is filled with water at the rate of 12cm3/sec, what is the rate of change in the

height of water levels when the tank is filled 8cm?
Sol: let OC be the height of water level at ‘t' sec

Let OC =h,CD =rand volume =V
Given that AB = é6cm, OA=12cm, ‘;—‘: = 12cm?/sec

We have to find the rate of rise of the water level

(%)h_s, whenh=8cm

The triangle OAB and OCD are similar traingles

¢D _0oC __r _h h
AB T 04 6 12 2

Volume of the cone V is given by V = =% . (2)
3

m (h)3 h3
From (1), we hoveV=§<E) Xh=—Tr-- (3)

Diff (3) w.r.t. 't' we ge’rd—V _mh dn
dt 12 dt

dh 4 dv 1(4 3
= = 2 () A2) = 2 cm/sec.

152




TSWREIS
Hence, the rate of change of water level is % cm/sec.

8. A point P is moving on the curve y = 2x2. The x-coordinate of P is increasing at the rate
of 4 units per second. Find the rate at which the y-coordinate increasing when the
point is at (2, 8)

Sol: Let P = (x,y), given Z—; =4

The equation of the curve is y = 2x?, differentiating w.r.t. ‘1’

dx

d
We have £ = 4x.
dx dt

cAx=2%-424=132
dt

The rate od increase of the y-coordinate is 32 units/sec.

9. The displacement S of a particle travelling in a straight line in ‘t' seconds in given S =
45t + 11t? — t3. Find the time when the particle comes to rest.

10.The radius of an air bubble is increasing at the rate of 2 cm/sec. at what rate is the
volume of the bubble increasing when the radiusis 1 cm?2

11.The volume of a cube is increasing at a rate of 8 cc per second. How fast is the
surface area increasing when length of edge is 12cm?

12.A container is in the shape of an inverted cone ahs height 8m and radius ém at the

top. If it is filled with water at the rate 2m3/min, how fast is height of water changing

when level in 4m?2
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10.4 MEAN VALUE OF THEOREMS (2Marks)

SYNPOSIS POINTS

» Mean value theorem: (i) if f(x) is continuous on [a, b] and (ii) differentiable on (a, b)
(iii) then there exists a number ¢ between a and b such that f'(c) = %. This is

also known first mean value theorem (or) Lagrange’s Mean value theorem.
» Rolle’s Theorem: (i) if a function f(x) is continuous on [a, b] (i) and f is differentiable

on (a, b) (iii) f(a) = f(b) then there exists at least one ¢ € (a, b) such that f'(c) =0
(This is special case of Lagrange's mean value Theorem)
VSAQ (2 Marks)
1. Verify Rolle's theorem for the function y = f(x) = x? + 4 on [-3, 3]
Sol: Given that f(x) = x2+4 = f'(x) = 2x
(i) f(x)is continuous on [-3, 3] and (ii) differentiable in (-3, 3)
(i) F(=3) = (=3)24+4=9+4=13
f(3)=3244=9+4=13
~f(=3)=f03)
So, from Rolle’s theorem f'(c) =0=>2c=0=>c=0€ (-3,3)
=~ Rolle’s theorem verified.
2. Verify Rolle's theorem for the function f:[—3,8] — R be defined by f(x) = x? —5x + 6.
Sol: (i) f(x) is continuous on [-3, 8]
(i) f(x) is derivable on (-3, 8)
f(=3)=9+15+6 =30, f(8) =64—40+ 6 =30
= f(=3)=f(8)
Now f'(x) =2x =5 = f'(c) =2c—=5=0=c =2 € (-3,8)
Hence conditions (i), (i), (iii) satisfied
=~ Rolle’s theorem verified

154




TSWREIS
3. Verify Rolle's theorem for the function f(x) = x(x + 3)e /2 on [-3, 0].e

Sol: (i) given function f(x) is continuous on [-3, O]
(ii) f(x) is differentiable in (-3, O)

f(x) = x(x +3)e*/?

= f(=3) = (=3)(=3 + 3)e "z = —3(0)e~%/2 = 0
= £(0) = (0)(0+3)e%2 =0
= f(=3)=f(0)
=~ f(x) satisfies all the 3 conditions of Rolle’s theorem.
There exists ¢ € (=3, 0) such that f'(c) =0
Now f(x) = x(x + 3)e /%2 = (x? + 3x)e™*/?

f'(x) = (x% + 3x)e /2, G) + e-§(2x +3)

= o—X/2 [# 4 2%+ 3] = o%/2 [—x2—3x+4x+6]

2

2
— —-X“+x+6
i e

—c?+c+6

~f'c)=0> e‘C/Z[ _

|=0=-c2+c+6=0
2c¢2-c-6=0=>(c+2)(c—-3)=0=>c=-20r3
—2 € (—3,0) hence Rolle’s theorem verified

4. Let f(x) = (x — 1)(x — 2)(x — 3) then prove that there is more than one ¢'in (1, 3) such
that f'(c¢) = 0.

Sol: f(x) is polynomial and hence condition on [1, 3]
Differentiable on (1, 3) and f(1) = f(3) = 0
f(x) satisfies all the 3 conditions of Rolle’s theorem
fG) =(x—-Dx—-2)(x—3)
[l =G-DEx-2)(M)+ & —-Dx-3)(D) + (x—2)(x —3)(1)

f'(x) =3x?2—-12x+ 11
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~ By Rolle’'s Theorem 3 c € (1,3) such that f'(¢) =0

=3c?—-12c+11=0

12++/144-132 12++/8 12+2+/2 1
> C = — = _\/— = — \/— = 2 i —
2(3) 6 6 V3

5. Verify the conditions of Lagrange’'s mean value theorem for the function x2 — 1 on [2,

3].
Sol: Given f(x) =x?2—-1> f'(x) = 2x - (1)

(i) f(x)is continuous on [2, 3] (i) differentiable in (2, 3)

~ from Lagrange’s theorem f'(c) = %
2_1_92_ _
Sgc =TTt g
3-2 1

:2c=5:c=§=2.5

c=25€(23)

Hence, Lagrange's theorem is verified.
PRACTICE QUESTIONS

1. Verify Rolle's Theorem for the function x2 — 1 on [-1,1]
Verify Rolle's Theorem for the function log(x? + 2) — log3 on (-1, 1)

Verify Rolle’s Theorem for the function sinx — sin2x on [0, ]

r N

Verify Lagrange's mean value theorem for the function f(x) = x2? o [2, 4].
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10.5 MAXIMA AND MINIMA (7 Marks)

SYNPOSIS POINTS

» Critical Point: Critical point of a differentiable function is/are values in HS domain
where its derivative is zero or undefined.

» Stationary points: A point x,, at which f'(x,) =0

» Point of inflection: A point on a curve at which the sign of the curvature changes.

» Absolute maximum: The maximum value of the function in the given domain
(including boundary points) in known as absolute maximum.

» Maxima point of a function: The real valued function f(x) is said to have the
maximum value of interval I, if 3 a point ‘a’inIs.t f(x) < f(a)vx € 1.

The number f(a) is called the maxima or maximum value and the point is called the
point of Maxima in 1.

» Local Minimum: The minimum value of the function in the given domain (including
boundary points) is known as minimum value of the function.

» Minimum point of a function: The real valued function f(x) is said to have minimum
value, if3apointaelst f(x) = f(a); Vx €l The number f(a) is called the minima or
minimum value of f(x) in I, point is called point of minima of fin I.

» Steps to find maxima or minima
(i) differentiate f(x) is find f'(x).

(i) Find f""(x) is second derivative
(i) Find ‘a’ by using f'(x) =0

(iv) if f"(a) < 0then ‘a’is local maxima, if f"”(a) > 0 local minima.
LAQ (7Marks)
1. Find the maximum area of the rectangle that can be formed with fixed perimeter 20.

Sol: Let length of rectangle = x X

Breadth of rectangle =y y y

Perimeter = 2(x +y) = 20 X

=>x+y=10
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Area of rectangle is A = xy

(1) = A=x(10—-x) = 10x — x? ——-- (2)

Areq is maximum at /x =5

#ny=10-x=10-5=5.y =5,

TSWREIS

~ Maximum area of the rectangle is A = xy = 25s5q. units

2. From arectangular sheet of dimensions 30 cm x 80 cm, corners, and the sides are

then turned up so as to form an open rectangular box. What is the value of x, so that

the volume of the box is the greatest?
Sol: Let length of sheet = x
Length =1 =80 — 2x
Breadth =b =30 — 2x
Volume V = Ibh = (80 — 2x)(20 — 2x)(x)
=2(40 — x)2(15 - x)(x)
=4(40 — x)(15 — x)(x)
= 4(600 — 40x — 15x + x?)(x)
= 4(x3 — 55x2% + 600x)
V(x) = 4(x3 — 55x% + 600x)
Differentiating w.r.t. 'x’
V'(x) = 4(3x%? — 110x + 600)
Now, V'(x) =0 = 4(3x?—110x + 600) =0

= 3x(x—30) —20(x—30) =0
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=>x =20/3 or30

Atx =2 v"() = 4[6 (%) - 110] = 4(40 - 110) = 40(~70) = ~280 < 0

. 20
~ V(x) has maximum value at x = Scm

3. A wire of length Lis cut info two parts which are bent respectively in the form of a

square and a circle. What are lengths of pieces of wire so that the sum of areas is

leaste

Sol: Length of the =1 ﬁ) ’——ll
Let x part of 1 is cut intfo square of side y 1 X| [—x |
Perimeter 4y = x =y =5 —— (1)

Remaining part [ — x is made into circle of radius 'r’

Circumference 2nr =l—r=r = 12_—7: ——————— (2) @
Sum of area square and circle is y
AG) = y? +7r? =2 4 12 (from (1) & (2)) y
16 472
_x* (1-x)* ' _2x | 2(l=x) x _l=x
Alx) = 16 tr . A'(x) = 16 + pro g (3)

Now A'(x) =0 :%—:—; =0 [~ Atmaxormin A'(x) =0]

l—x

ad F—x:>§—?:>xn—4(l—x):>xn=4l—4x

:>__
8 21

:>xn+4x=4l:>x(rr+4)=4l:>x=4—l
T+4

4l _ l(m+4)-4l _ Ilm+4l-41 _ ml
T+4 T+4 m+4 - T+4

Also, l —x=1-
On differentiating (3) w.r.t. 'x’ we get A" (x) = %+ i >0
Hence A(x) has a minimum value

=~ Length of piece that forms square is n4—+l4 and circle is n"—;
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4. A window is in the shape of a rectangle surmounted by a semi-circle. If the perimeter

of the window be feet then find the maximum area.
Sol: Length of the rectangle = 2r
Breadth = x

For the semicircle, radius = r

Semiperimeter = r X X
Given total perimeter of the window is 20 feet. 2r
=>2x+2r+nr=20=2x=20-2r —nr -———-- (1)

Area of the window A = Area of the rectangle + Area of semicircle
= A(r) = 2r(x) + ETTZ =1r(2x) + ETTZ
= A(r) = (20 - 2r —mr) + = (from (1))
r? i
=20r — 2r? —mr? +T=20r—r2 (2+7t—5)
Diff (2) w.rt. '’ we get 4'(r) = 20 — 2r (%)
Now, A'(R) =0 = 20 —r(4 + ) (~ Af max (or) min we have A'(R) = 0)

= r(4+1) = 20 = r = 22 diff (3) w.rt. 7
4+m

We getA"(r)=0-(4+m)<0

~ A(r) has maximum value

- from (2) maximum area is 4 = 20 (%) - (4102)2 (‘HT")

400 200 200
=——-—=-—5q.ft
4+1 441 4+1

160




TSWREIS
5. If the curved surface right circular cylinder inscribed in a sphere of radius 'r' is

maximum, show that the height of the cylinder is v2r.

Sol: For the sphere, given radius = r (fixed constant) A

For the cylinder height = h

Base radius =R

From figure AB = h, BC =2R, AC =2r

By pythagorus theorem on AABC, AB2 + BC2 = AC? B
= h2+ (2R)2 = (2r)2 = h2+ 4R2 = 4r2= h2 = 4(r2 - R?)
Curved surface area of the cylinder A = 2arh
On squaring and taking A2 = f(R) we get
f(R) = 4m2R2h2 = 472R2 [4(r2 — R2)] = 16m2R2(r2 — R2)
= 16m2 (r2R2 -R4)
Diff w.r.t. ‘R'we get
f'(R) = 16m2 (r2 2R -4R3)------- (1) ( ris constant and R is variable)
= r2(2R)-4R3= 0 = r2(2R)-2R%(2R)=0

= 2R(2-2R?) =0 = r2-2R2=0 = R2 = 12/2

2

Now 2= 4(r2—R2) = 4(r2-r2/2) == 4 (2r2_r

— 2
. ) =2r
~h?=2r2=>h=+2r
Again diff w.r.t. ‘'R' we get f”(R) = 16m?[2r? — 12R?]

1212

At R? =7r?2/2 f"(R) = 16m?[2r? — —]

= 16m?%[2r? — 612]
=16m?[—41r%] < 0

=~ Surface area is maximum when h = v/2r
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6. Prove that the radius of the right circular cylinder of greatest curved surface area

which can be inscribed in a given cone is half of that of the cone.
Sol: Let centre of the circular base of the cone = 'O’
Height h = AO
Radius of the base r = OC

For cylinder, radius R = OD, height H = FO

= FO =ED =H
» DC=0C-OD=r—R

Now AAOC and AEDC are similar

. ED _DC __ H_T-R

40 ocC h r

= H =R (1)

r

Curved surface area of the cylinderis S = 2nRH

From (1) S(R) =

2nR(h(r=R)) _ 2mh(R=R%) (. 1y qre constants)
r r '

Now $'(R) = 2= (r — 2R)

= 2220 _ o (- At max. or min value S'(R) = 0)

r-2R=0=R="
—4th
T

Also S”(R) =

<0,VR

Hence the required radius of the cylinder is r/2
7. Find two positive integers whose sum is 15 so that the sum of their squares is minimum.
Sol: Let the two positive numbers be x, y
Giventhatx+y=15=>y=15—-x --——-- (1)
Let f(x) =x?+y?=x?+ (15— x)?

“f() =x2 4+ (15— x)? - (2)
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Diff (2) w.r.t. 'x" we get

f'(x) =2x+3(15—-x)(—1) =2x — 30 + 2x
=4x—30=22x—15) -——-- (3)
At max. or min. we have f'(x) =0

2x—15=0 =>x=1?5

Diff (3) w.r.t. 'x" we get f"(x) =4 - (4)

15 (15 _
A’rx=7,from(4),f (7)—4>0

y = 15—175=175 ~ f(x) is minimum when x =12—50nd

=~ Required number are (x,y) = (12—512—5)

PRACTICE QUESTIONS

8. Find two positive integers whose sum is 16 and the sum of whose squares in minimum.

9. Find two positive integers x and y such that x + y = 60 and xy3 is maximum.

10.Find the absolute extremum of f(x) = x? defined on [-2, 2].

11.Find the points of local extrema for f(x) = cos4x defined (0, n/2)

12.Determine the intervals in which f(x) = ﬁ + 18x, V x € R — {0} is strictly increasing and
decreasing.

13.The profit function P(x) of a company, selling x items per day is given by P(x) =
(150 — x)x — 1600. find the number of items that the company should sell to get
maximum profit. Also find the maximum profit.

14.What s error, relative error and percentage errorin vy,

15.Define stationary point of a function.

16.Define Rolle’s and Lagrange’s Mean value Theorem.
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